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EXTENDED FUZZY REASONING

Masaharu Mizumoto
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As an extension of ordinary fuzzy reasoning, the following form of
fuzzy reasoning is discussed in which each of the premises consists
of several fuzzy propositions combined with "and”.

Prem 1. |If X1 IS Al and Xq IS A2 and ... and xn IS An then vy is B

Prem 2. Xy IS Al and Xq 1S A2 and ... and X, 1S An

Cons: vy is B’

We obtain inference results for the extended fuzzy reasoning under

a number of transiating rules translated from the fuzzy conditional
proposition. All of the translating rules excepi Rc infer consequences
which are given as the union of consequences of ordinary fuzzy reasoning.
A transiating rule Rc infers consequences equal to the intersection of
consequences of ordinary fuzzy reasoning. It is shown that translating

rules Rc, Rs, Rg, Rsg, Rgg, Rgs and Rss can infer reasonable inference
results for the extended fuzzy reasoning.

Keywords. Fuzzy sets, fuzzy reasoning, extended fuzzy reasoning,
compositional rule of inference, approximate reasoning.
| NTRODUCT ION
In our daily life we often make inferences of the form.
Prem 1. If x is A theny is B

Prem 2. x is A’
Cons: vy is B’

where A, A’, B and B’ are fuzzy concepts. In order to make such an inference with fuzzy
concepts, Zadeh suggested an inference rule calied the “compositional rule of inference”,
which infers B’ of Cons from Prem 1 and Prem 2 by taking the max-min composition of A’ and
the fuzzy relation which is translated from the fuzzy conditional proposition "If x is A
then y is B”. In this connection, he [1], Mamdani [2] , and Mizumoto et al.[3] suggested
several translating rules for translating the fuzzy proposition ”If x is A theny is B” into
a fuzzy relation. In [3,4] we have investigated the properties of their methods by using
the compositional rule of inference.

in this paper, as an extension of the ordinary fuzzy reasoning given above, the
following form of fuzzy reasoning is discussed in which each premise consists of several
fuzzy propositions combined using the connective ”and”.

Prem 1. | f Xy 1S Al and Xo, IS Az and ... and X K An then y is B
Prem 2. X| IS Al and Xq IS AZ_ and ... and X 1S An
Cons: y is B’

We obtain and compare the inference results for the extended fuzzy reasoning under several
translating rules which are methods of translating the above fuzzy conditional proposition
into a fuzzy relation.
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EXTENDED FUZZY REASONING
We shall first review the following form of ordinary fuzzy reasoning.
Prem [. If x is A theny is B

Prem 2. x is A" (1)
Cons. y is B’

where x and y are the names of objects, and A, A’, B and B’ are fuzzy concepts represented
by fuzzy sets in universes of discourse U, U, V and V, respectively.
The fuzzy proposition ”If x is A then y is B” represents a certain relationship between
A and B. From this point of view, & number of translating rules have been proposed for
transiating the fuzzy conditional proposition ”If x is A then y is B” into a fuzzy relation
in U x V. For example, Zadeh [1] proposed a translating rule Ra called "arithmetic rule”.
Let A and B be fuzzy sets in U and V, respectively, then the arithmetic rule is 21ven as

Ra(A,B) = (AxV)DOW x B)

= 5 1T @ ) /) (2)
UxV

It is noted that the arithmetic rule is based on the implicabion rule of Lukasiewicz’s
logic, i.e.,

a—>b =1"{-2a+h a, b & [0, 1] (3)

It s possible to introduce other implication rules of many-valued logic systems
to a translating rule for the fuzzy conditional proposition (see [31).

Rm: a—> b=@G vy -a (1)
Re: a—> b=a b (5)
y . 1 a = b
. - 1 a = b
Rg: a > h = { | 2 > b (M
Rsg: @& 2 b = (a . b)  (l-a 2 1-b) (8)
Reg: a " b = (a g b ~ (1-a = 1-b) (D
Res: & e h = (a . b) = (1-a > 1-b) (10)
Res: a b = (a e h) = (l-a 5 1-b) (1)
Rb. a—=b =({-avb (12
. _ 1 R - ¢
RZ&' a=>b = { b/a ... a > b (13)
. _ ¢ 1 7 b/a” (1-a)/(1-n) ... a > 0, 1-b > 0
RAs 3T b S . az0orl-h=g U
R*: a—=>b = 1-a+ab (15)
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(I-a v 1-a)v 1-b) (16)

R#: a —=> b

. a <1 or bh=1
RD' a—=>b a=1, b < I (a7

1
P
L

]

The consequence B’ of fuzzy reasoning (1) can be deduced from Prem 1 and Prem 2
by taking the max-min composition “o0” of the fuzzy set A’ and the fuzzy retation

obtained above (the compositional rule of inference). For example, we have for Ra
Ba’= A’ o Ra(A,B)= A" o [(AxV) ®@U x B] (18)
g »(V) =V {pAs(u) LT Q - pA(u) + pB(v))] ¥ (19)
u

For example, when A’ = A, the arithmetic rule Ra infers such a consequence as

Ba’ = Ao RaCAB) = §, 7 BV, 2 B (20)
7

This inference result indicates that the arithmetic rule does not satisfy the modus
ponens which is guite reasonable demand in the fuzzy reasoning.

If x is A then y ts B
X is A (modus ponens) (21)
y is B

in the same way, we cah obtain a consequence hy each of the translating rules based
on the implications in (4)-(17). The inference results by these transiating rules are
given in [3] when A’ = A, very A, more or _less A and not A.
We shall next consider the following form of inference in which the hypothesis of
a fuzzy conditional proposition "If ... then ...” contains two fuzzy propositions ”xl 1S Al”
and ”x2 IS Az” combined using the connective “and”.

Prem 1. Ri Xy 1S Al and Xo 1S A2 then v 1s B
Prem 2. Xy 1S Al and X s _52 (22)

—_— . - - [P —

~ Cons. y is B'

where X1s Xq anhd y are the names of objects, and Ai’ Ai’ , Band B’ are fuzzy concepts
represented by fuzzy sets in universes of discourse Ui’ Ui, V and V, respectively.

The following is an example of the fuzzy reasoning whose form 1s often used in Lhe
treatment of fuzzy control problems.

Prem 1. If the pressure is hig positive and the change in this error is Zero or small.
then the heat change is small negalive.
Prem 2. This pressure error 1s rather positive and the change 1h the error is very small

Cons: This heatl change is zero negative.

3

The fuzzy proposition Xy 1S Al’ and Xg 1S A?’” of Prem 2 in (22) consisis of two fuzzy

| and A2

are fuzzy setls in U1 and UZ’ respectively. This compound fuzzy proposition i1s denoted as

Al N A2 o€,

%

propositions ”xl IS Al’" and "xq i A2 which are connected with “and”, where A

Xy IS Al and X IS Az' Al N AE (23)
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The notation Al’ N Az’ stands for the intersection of Al’ X U2 and U1 X Az’ , and, in other

words, a fuzzy product Al’ X A2’.

Al N A2 = (Al X U2) N (U1 X A2 )

= Al’ X Az’
= pAl,(ul) ) PAz’(”z) Ay (24)

leuz

"

where = means “min”.
On the other hands, the fuzzy conditional proposition ”If Xy 1S Al and Xs IS A2then

y is B” of Prem 1 in (22) is translated into a fuzzy relation R(A ,Az;B) in U1 X U2 x V,
where Al, A2 , and B are fuzzy sets In Ul’ 95 and V, respective}

For example, Ra(Al, 2,8) is defined as the extension of "arithmetic rule” of (2) by
using the implication of Lukasiewicz’s logic of (3).

Ra(Al,Az;B) = (Al N Ay X V) @ (Ul x Uy X B) (25)

§ 17101 - (“Al(”l) ) pAZ(u2)) t P17 QUyug,v) (26)

In the same way, we can define a number of translating rules for translating "If X| |S Al

and x2 IS Az then y is B” into a fuzzy relation in U1 X U2 x V by rewriting a = b in (4)

-(17) as (“Al(ul) i PA2(”2)) = pp(v). For example, we have

Rm(Al,AZ;B) (27)

=5 Ly )y ) gDV L= Gy Q) 7y 7 Gy,

Re(A;,Aq3B) = § (”Al(ul) ) pAz(uz)) ETACQNACHTIND, (28)
Rs(A;,Aq3B) = (“Al(ul) ) pﬁz(u2)) e 2EA TN (29)
rhere iy Cuy) o opg (ug)) (v)
L gy W u = Hplv

(g W) "y W) 2 ) = SRR ;
l 2 ; 0 ... (pAl(ul) pAz(uz)) > pp(v)

Similarly, we can obtain other fuzzy relations Rg(Al,AZ;B) ng(Al,AZ;B), Rgg(ﬁl,ﬁz;B),
Rgs(Al,A2,B), Rss(Al, 2,8) Rb(A 'B) R (Al, 2,8) le(Al,A ;B), R (A AQ;B), R#(Al,Az;B),
and R—(A ‘B) by using the |mplicat|on$ in (7)-(17).

1’ 2’
We shall next obtain inference result B’ of (22) under each of translating rules given

above. The consequence B’ can be deduced from Prem 1 and Prem 2 by taking the max-min compo-
sition P00 of the fuzzy set Al’r1 AQ’ in (24) and the fuzzy relation given above. For

example, the consequence Ba’ by the translating rule Ra is obtained as
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Ba’ = (Al’f1 Az’) O Ra(Al, 2,8) (30)
g, » (V) (31)

=V [y, »Cuy) Juay) T - Gy, uy) (Us)) + unv))] b
)t PAl 1 “A2 y PAI 1 PA2 277 T Hp

In the same way, we can have the consequences B by other transiating rules Rm, Rc, Rs, ...
R—. For example,

'z (A N A Y o Rm(A], 2,8) (32
Be’ = (Al’rw Az’) 0 Rc(Al, 2,B) (33)
Bs' = (ﬁl’r1 A2’) O RS(AI, 2,8) (34)

As a simple case, we shall first discuss the method Ra when Al’ = Al and A2’ = Az.
We assume in the discussion of inference results that y, (ul) and (“2) take all values

1 2
in [0, 1] as uy and u, vary over U; and U,, respectively, that is, pAl and PAZ are
functions onto [0, 11.
We have the consequence Ba’ at Al’ = Al and Az’ = Az from (31) as follows.

PBa?(V)

Vo Ly W) Ty ) T T A Gy ) oy (o)) 4 ppvdd]
Uy sUq 1 2 | 2
Vo Gy W) 7oy Cug)) T DT DKL -y Cupd +ppvd) v (L Hy Cug) + pp(vDI] 5
Uy U ! 2 1 p
Vo Wy ) 7oy Cug)) I RO CIVE RO}
Uy sl 1 2 ]
v Vo Gy Q) T opy Cugd)) T I -y Cug) + pg(vdd s
Uy »Us, 1 2 p
=V {py Q) Ty ) eI e Vo Q) = Vo (ug) =
uy | 1 Uy ] Ug 2
v Vo{py ) 701 gy Cugd f pp(udd s
U, 2 2

The last two terms correspond to the inference results Al 0 R(AI;B) and A2 0 R(A2;B)

of ordinary fuzzy reasoning (1) under the method Ra given in (18). Thus, the consequence
Ba’ becomes

L+ pgv) 0 Tty o 1 ppv)
2 2 2

pBa’(v) -



76 Extended Fuzzy Reasoning

Hence, we have the consequence Ba’ at Al’ = Al and Az’ = A2 as

Ba’ = (A n A ) 0 Ra(Al, 2, B)

gLt o,y (35)
v

Acoording to our intuition, it seems that the consequence B’ in (22) should be B when

Al’ = Al and Az’ = A2. Namely, the following inference may be a quite natural demand.
Prem 1. | Xy IS Al ang Xq 1S Az then y is B
Prem 20 x; is A, and x, is A, (36)
Cons. Y is B

It is noted that the inference result Ba’ of (35) by the method Ra does not satisfy this
natural criterion.

We shall next investigate the inference result by the translating rute Rc (28) proposed
by Mamdani [2] which is often used in the discussion of fuzzy control problems.
The consequence B¢’ at Al’ = Al and Az’ = A2 is given from (33) as

PBC,(V)
= Vo {Q, Wy "y W) T L, ) T opy o)) Toppv) 13
iy o A “A2 2 Pal 1 PA2 2//  Hp
=V {y W) oy, W) T opg(v) }
ol A PAZ y B
= (v) V oy, (u) =V (Us) = 1
Hp ¥ A v, “A2 y
Therefore, we have
Bc’ = (A1 N A2) O RC(AI, 2, B) (37)
= B

which leads to the satisfaction of the criterion of (36).

we shail next obtain inference results under other translating rules Rm(Al,Az;B),

RS(AI’AZ’B) R (Al 2,8). At first, we consider the implications in (3)-(17) which
satisfy the property
(al az) - h = (al** h) v (a2 — h), ays8qsb € [0, 1] (38)

The implications satisfying this property are Ra, Rs, Rg, Rb, RA’ RA’ R# and R
For the translating rules Ra(Al, Az;B), RS(AI, A2;B), ey R_-(AI,A2;B) which are based
on these implications, we have in general from (38) as

pR(A B)(u11u2$v) - [PA (U ) pAz(uz)] — “B(V)

1’ 2’
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=Ty, QW) = ppeDI v Iy (ug) — N
1 2

§ PR(Al;B)(Ul’ V) v pR(AZ;B)(u2’V)

Therefore, the inference results B” in (22) under these transiating ruies are obtained
as follows.

B ':(Al ﬂA )OR(Alyza)

ppo(v) = |V {(pAl’(ul) ) pAz,(u2)) Mrea

Uy sl V)Y
7Y B> 172

]!2’

u;{uz {(UAI:(UI) ) HAQ;(Uz)) -A [pR(Al,B)(“l’V) V pR(Az,B)(uQ’V>]}

Vo Apy s oy y(Un)  Hpra » pylUys VIJ
1’“2 Al AZ 2 R(Al, B) "1

v Vo s Ty sGug) Uy V)
TS A, 2 HR(A, 5 B2

L

2
- “Al’cJR(Al;B)(V) v “A2’0R(A2;B)(V> (39)
Thus, we obtain
B” = (A" N A 0 R(A|,Ay3B)
= (A0 R(A;BY) U (A)" o RCASB)) (40)

for the transiating rules Ra(Al,Az;B), RS(AI,A2;B), Rg(Al,Az;B), Rb(Al,Az;B), RZX(AI’A?;B)’
R‘(Al,Az;B), R*(Al,Az;B), and RD(AI,AB;B). 11 is noted that the consequence B’ is given
as the union of the consequences Bl’ and 82’ of ordinary fuzzy reasoning such that

| Xy IS Al then y is B | Xq B A2 then v 1 B
x1+is Al xz_is A2 H | (41)
y IS B1 (= Al c)R(Al,B)) y 1S 82 (= Ag (}R(AQ,B))

We shall next investigate the translating rule Rec of (28) which is based on the impli-
cationa = b = a ~ b which does not satisfy the property (38).
The consequence B¢’ is inferred as

Bc’ = (Al’ N A2 ) © Rc(Al,Az;B)

oW =V {PA () pAz,(uz) ) [“Al(ul) ) pA2(u2) g1

Ujslg

= V {u, »Cu,) ) " ux(v) TV [y, s, CIORETRED I
'y PAl 1 ”Al 7 Mg I “Az y “A2 2/ M
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vV {u, ,(u) " (u,) " pov) , condV) §
uy PAI 1 pAI 1 g PAQ C)RC(Az,B)

B ’()Rc(Al;B)(V) h PAz’()RC(Az;B)(V) (42)

1

Therefore, the consequence Be’ is given as the intersection of Bl’ and Bz’ of ordinary
fuzzy reasoning in (41). Namely, we have for the translating rule Rc

Bc™ = (Al N A2 ) o RC(AI,Az;B)
= (AI’CJ Rc(Al;B)) N (Az’C) Rc(AziB)) (43)

As for other transtating rules Rm, Rsg, Rgg, Rgs, Rss and RE which have not been
discussed above, we can not treat them uniformly. So we shall investigate them in the case
where fuzzy sets Ai’ (i =1, 2) inPrem 2 in (22) are restricted to such fuzzy gets as

Ai’ = Ai (44)
) 2 ,
Ai = Very Ai = Ai = pA‘(ui) / u, (45)
|
A = more or less A. = A 0.0 - ,Yj (u.) /7 u (46)
i i | PAi i i
A = not A, = §f 1 - PAi(ui) / (47

which are typical fuzzy sels of Ai’.

We shall discuss the translating rule Rm(Al,A2;B) of (27) only in the case of Al’
= very Al and Az’ = more or_less A, because of limitations of space.

The consequence Bm™ by Rm(Al,Az;B) is defined as

B’ = (very A, 0 more or_less A2) O Rm(Al,AZ;B) (18)

.

r

v) = ¥ (p, (u )Z o Ju, (Ua))
Hem T PA1 1 Ay 2

i [(pﬁl(ul) h pﬁz(uz) NGOV -(pAl(ul) ) pA?(ug)))] b (49)

From the assumption denoted above that N and P, are functions onto L0, 1], the values
1 2

H (u1)2 and V/hA (uz) take all values in [0, 11.  Thus, for simplicity, we rewrite (49) as
| 2
, N N . N - -
bm® = a?iaz 1(&1 1j;£+) [ (al o h) v (1 (ay az))] ¥ (50)
hy letting
NSO pAl(ul). a = pA?(UZ)’ b= jiplv) (51)

Thus, bm” is as follows.
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bm’

= V. {(alz“{a_z“al © a, “b)v(al2"/a_2"(1 - (a; " a7}

31,d2

2~ - 2~ e _
a?iaQ {al a, b} v a;{az {a1 2, [(1 al) v (1 az)]}

9 - - 2 - -
b vV, {0 Ja, " (- aplvia®” Ja, " (- el

vy Uy E};[alz“u-al)]} v V{alz“ax;[j'a;“(l-azm

4
_ . 3-J5 2 .5 -1
_bva\;{f?z AR A Wl b
} 3-J5  J5-1
= b v 5 Vv 5
= (b v 3éﬁ)v(h V%i) (52)

1t is noted that the conseguences Bl’ ahd B2’ of ordinary fuzzy reasoning of (41) under
the method Rm are as follows when Al’ = very Al and A2’ = more or less A2 (see [3D]).

3 -J5

PBI’("’) = Fery AL © Rm(Al;B)("> =gV v T

gV = Hglv) v [5‘“5“*1‘

He (V) = | 1
82 more or less Az 0O Rm(A2

Therefore, using the notations of (51), the conseguence Bm® is obtained from (52) as

-}JBIII’(V) - (pB(V) V ‘3“‘;21'3) V (PB(V) v E__é_._l_ )
= MPyery A, © Rm(Al;B)(v) V' uore or less A, O Rm(Az;B)(V)
= pglv) v Eél

Similarly, we can obtain the consequeces Bm’ for other Ai’ in (43)-(47). It is found

from the inference results that the consegquence Bm’is given as the union of the consequences
of (41), that is,

Bm® = (Al’fW Az’) O Rm(Al, A2; B)
= (Al’cy Rm(Al;B)) U (Az’tn Rm(AziB)) (53)

for any fuzzy sets Ai’ in (44)-(47).
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In the same way, we can obtain inference results under Rsg, Rgg, Rgs, Rss and R#.
These results show that

B = (Al N Az ) O R(Al, A2 B

= (Al’() R(AI,B)) U (Az’(j R(AQ.B)) (54)
holds for any fuzzy sets Ai’ in (44)-(47) and ng(Al,Az;B), Rgg(Al,A2;B), Rgs(Al,Az;B),
RSS(Al,A2;B) ahd R#(Al’A2;B)'
Therefore, if we restrict ourseives on the fuzzy sets Ai’ in (44)-(47), the inference

result B’ in ¢(22) can be represented as the union of the consequences of ordinary fuzzy
reasoning of (41) as in the case of Ra, Rs, Rg, Rb, RA’ R‘, R* and R—. |t should

be noted that only Rc gets the consequence as the intersection of the consequences of
ordinary fuzzy reasonhing.

Table 1 shows the inference results by all the translating rules when the fuzzy sets A
are equal to Ai, very Ai’ more or less Ai’ and not Ai in (40)-(47). it is found from the'

’

table that translating rules Rc, Rs, Rg, Rsg, Rgg, Rgs and Rss infer the conseguence B’ =

B when A, = A, and A,” = A,. Namely, they satisfy the reasonable criterion of (36) for the

fuzzy reasoning.
Finally, we shall investigate fuzzy reasoning of the form.
Prem 1: |f Xy IS Al and Xo 1S A2 and ... and X, IS An then y 1s B

Prem 2. Xq IS Al and X IS Az and ...and X IS An (55)

Cons: y is B’

which is an extension of the fuzzy reasoning of (22), where Ai, Ai’ (i=1,...,n), B and
B* are fuzzy sets in Ui’ Ui’ V and V, respectively.

33

The fuzzy proposition ”xl IS Al’ and Xe IS Az’ and ...and x_ is A is denoted as

n n
Al’ N A2’r1 cea N An’ vwhich stands for the fuzzy product of Al’, Az’, ..., and An’, that is,

Al N AZ n...N An

Al X Axb X ee X An

) (56)

il

;(U2) ‘o pAny(Un) / (ul,uz,...,un

2
S uy sCuy) T
TR T

leuzx...x
The fuzzy conditional proposition ”If X1 IS Al and Xo IS A2 and ... and X IS An then
v is B” is translated into a fuzzy relation R(Al,Az,...,An;B) N U1 X U2 X one X Un x V.
For example, as the extension of arithmetic rule of (25), Ra(Al,Az,...,An;B) is defined as

Ra(Al,Az,...,An;B)

= (AyNA N NA X V) &)(lesz--.xUan)

1 [ - (pAl(ul)Aqu(uz)“ - “pAn(ug) + pe(VD] 7 Qupsgyeensup)

in the same way, we can define R(Al,Az,...,An;B) for Rm, Rs, Rg, ..., RC] by using the
implications in (4)-(17).
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The consequence B’ of (55) is obtained by taking the max-min composition of
A ’r1A’r1..r1An’ and R(Al,Az,...,An;B), that is,

1 2
B> = (A" N ASNL...N A O R(AI,AZ,...,AH;B) (57)
g (V) (58)
=V Wy W)y, W)™ oo Ty W)Y T N O RATSRNTIAY )
TARTRRINT Al 1 A2 2 An n R(Al,Az,...,An,B) 1772 n

We shall next obtain inference results B’ under each of translating rules. At first,
we shall consider the translating rules Ra, Rs, Rg, Rb, RA’ R‘, R#, and RE] whose

implication rules a = b satisfy the following property:

L] o M

(al dg .. an) - b = (a1~+ h) v (a2 = h) Vv ...V (an - h) (59)
For these translating rules, we have in general

FR(A A 5B Uprligsses st V)

1’A2"'

= Dpp Ty Q)™ T = pp(w)
] 2 n
= [”Al(ul)“* INCORRY [PAz(”z)“* g v v Ty QU D= pp(v)]
N |

IRV Y BRaaspy WU Ve PRea ;8) V)

where the notation pR(A.‘B)(ui’V) stands for the membership function of R(A.3B) which is
I ) J
a translating rule for a fuzzy conditional proposition "If X, IS Ai then v is B”.

Therefore, the consequence B’ under these translating rules are obtained as*

pB,(v)

= Vo Wy s Ty Q) T (U V) vy oG V)] )
Upseeeslt PA] 1 PAn { PR(AI,B) 1 PR(AH,B) n

- v { H (U, ) ... H y(u ) : H o (U )
Hl,...,un Al 1 An n R(AI,B) ]

iiiiiiiiiiiiiiiii

V V {PA :(Ul) vo e }JA (u ) PR(A ;8)(UH’V)}

ul,...,u i 1 n

¥ In this discussion we assume that Hy s is a function onto [0, 1]. Thus, Ai’ is a
I

normal fuzzy set, i.e., V p, ,(u.) = 1. Therefore, for example, we have
i

\Y p 9(U ) ) ce e ) 1 y(LI ) = 1.
R A2 p) An 1
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= &i { HAI:(Ul) ) pR(Al;B)(ul’V)} V eess V &f { PAH,(UH) . PR(An;B)(un’V)}

h
Pa o RAGEM Vo VB o e B (60)
1 1 n n
Therefore, the consequence B’ is given as the union of Ai’cx R(Ai;B), that is,

B’ = (Al’ n A N....N An’) o R(A;,A A ;B)

2 1’7277 "7"n

= (Al’ 0 R(AI;B)) U (Az’ 0 R(A2;B)) U .... U (An’ 0 R(An;B)) (61)

for the translating rules Ra, Rs, Rg, Rb, R[l’ le’ R#, and R—, where Ai’ O R(Ai;B)
represents the consequence Bi’ of ordinary fuzzy reasoning.

| f X i S Ai then v 1S B
X, is Ai’ (62)
Y IS Bi’ (= Ai’ 0 R(Aiiﬁj)

We shall next discuss the translating rule RC(AI,*..,AH;B) whose implication does not
satisfy the properties (59). We have the consequence Bc’ as

Be’ = (AN NAL ) O Rc(Al,...,An;B)

pBC’(V)

=V {pAl,(ul)“...*pAn,(un) ) [pAl(ul)”...ﬁpAn(un)*pB(v)] }

T
17°°°"n

o+

V {u, ) p, W) upy) TV lpy o) Yy (ug) pplv)”
M ”Al 1 PAI 1/ Hp Uy FA2 2’ A2 Mg

TV ey Q) ey Q) gV e g
n n I

' o Rc(Al;B)(“) Ha o RC(AZ;B)<V) IR “An’cJ Rc(An;B)(V)

Ha )

]

Thus, the conseguence Bc’ is given as the intersection of Ai’:) Rc(Ai;B) for ordinary fuzzy
reasoning in (62). Namely,

Bc’ = (Al’ N A2 N....N An’) O RC(AI,AZ,...,An;B) (63)

= (Al’ 0 RC(AI;B)) N (Az’ 0 RC(AQ;B)) N .... N (An’ 0 Rc(An;B))

For the iranslating rules Rm, Rsg, Rgg, Rgs, Rss and R#, we can have the consequence B’
as the union of Ai’ 0O R(Ai;B) when Ai’ is a fuzzy set in (44)-(47). Namely,

B™ = (Al N ﬁz N....0N An ) o R(Al,Az,...,An;B)
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= (Al’ 0 R(AI;B)) U (Ag’ 0 R(A2;B)) U ..;. U (An’ 0 R(An;B)) (64)

holds for the transtating rutes Rm, Rsg, Rgg, Rgs, Rss and R# when Ai’ 1$ restricted to
Ai, very Ai, more or less Ai, and not Ai.

The following reasoning form is a quite reasonable one in the extended fuzzy reasoning.
This criterion demands that the conseguence B’ should be B when Ai’ is equal to Ai'

R Xy 1S Al and X IS A2 and ... and Xp IS An then y is B

Xy 1S Al and X, | S A2 and ...and X IS An (65H)

y Is B

T

The transiating rules satisfying this criterion are Rc, Rs, Rg, Rsg, Rgg, Rgs and Rss.
In the ordinary fuzzy reasoning in (62), they get Ai() R(Ai;B) = B at Ai’ = Ai (see [31),

that is, they satisfy the modus ponens of (21). As in (61), (63) and (64), the conseguence
B> for the extended fuzzy reasoning is given as the union or intersection of Ai 0 R(Ai;B)

(=B). Hence, the consequence B’ becomes B when Ai’ = Ai for any i =1,...,n, which leads

to the satisfaction of the criterion of (65). Note that translating rules other than Rc,
Rs, Rg, Rsg, Rgg, Rgs and Rss do not satisfy the criterion since they get the conseyuence
Ai() R(Ai;B) which is not equal to B.

CONCLUSTON

As the extension of ordinary fuzzy reasoning, we have investigated the extended fuzzy
reasoning under a number of translating rules. The inference results under them are obtained
as the union or intersection of those of ordinary fuzzy reasoning. The translating rules Re,
Rs, Rg, Rsg, Rgg, Rgs and Rss are found to satisfy a reasonable criterion.

In this paper we have discussed the case where the connective “and” in the compound

proposition ”xl IS Al and Xq IS A2 and ... and X is An” stands for "min”. |t would be

of interest if we would interpret and” as other operations such as algebraic product and
bounded-product.
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