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Recently L. A. Zadeh proposed the concept of fuzzy sets of type 2 as an
extension of ordinary fuzzy sets. A fuzzy set of type 2 can be defined by
a fuzzy membership function the grade of which is taken to be a fuzzy set in
the unit interval [0, 1] rather than a point in [0, 1].
This paper investigates the algebraic properties of fuzzy grades (or
fuzzy sets of type 2) under the operatioms of algebraic product and algebraic

sum which can be defined by using the concept of the extension principle [1].

A fuzzy set of type 2 A in a set X is the fuzzy set characterized by

a fuzzy membership function as

[0,1]

w, 2 X ——> [0,1] (1

where the value uA(x) of x € X is a fuzzy set in the unit interval [0,1]

and is called fuzzy grade. A fuzzy grade is represented by the following:

w0 = [ £ /u, ue [0, 1] (2)

where f is a membership function for fuzzy grade UA(x) and is defined as

f: [0,1]-——§ [0,1]. The symbol f stands fof the union of f(u)/u's.
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The operations of algebraic product (*) and algebraic sum (+) for fuzzy

grades are defined as follows: Let My and g be fuzzy grades denoted by T

wy, = f f@/u
ﬁB = | g(W))w
Algebraic Product:
y t My = f (E@ A g(w))/ (uw) | (3)
Algebraic éum:
Wk = [ @A @)/t w = w) (4)
Nepation:
Tuy, = £@/A - W) : (5)

. where the symbol A stands for min.

Example 1. For the fuzzy grade uA = fu/u, u € [0,1], as in Fig. 1, we have

U'u=!\}{1~/u:

A A
Hy + M, = J1-/T-u/lw,
7 pA = f l1-au/u.

A fuzzy grade n, = j f(u)/u is said to be convex if f(uz) 2 f(uj) A f(u3)

A

A fuzzy grade U

u A

< . .
for any ups Uy, Ug e [0,1] such that u Su, 1s'sald

3 L)
to be normal if V f(u) = 1. Otherwise it is subnormal.
u

Example 2. The fuzzy grades in Fig.l are all normal convex fuzzy grades.

+ We shall abbreviate uA(x) as U, for simplicity.



0.5

0 0.5 1

Fig.l Negation ']uA , algebraic product By Hyo and algebraic
sum uA + UA of fuzzy grade uA .

Now we shall discuss the algebraic properties of fuzzy gardes under

the algebraic product (+) and the algebraic sum (i).

Theorem 1. Let uA and Mg be normal convex fuzzy grades, then My uB ,

¥ Hg and uA are also normal convex.

Ha
Theorem 2. Under the operations -, + and |, arbitrary fuzzy grades satisfy
such laws as commutative laws; associative laws; involution laws; De Morgan's
laws and the part of identity laws, i.e., u, 1= Hyo uA + 0 = My

The other part of identity laws (that is, UA - 0 =0, uA +1=1)

are satisfied for any normal fuzzy grades, but are not satisfied for subnormal

fuzzy grades.

Theorem 3. Normal convex fuzzy grades do not satisfy such laws as idempotent
laws; absorption laws; distributive laws; and complement laws. The same holds

for arbitrary fuzzy grades.

From the above theorems, we see that normal convex fuzzy grades do not



form such algebraic structures as a ring and a lattice. The same is true of

arbitrary fuzzy grades.
Finally, the algebraic properties of fuzzy grades under ° , & . U GGoin)

and ﬂ (meet) are also invéstigatéd. The operations U and n are defined as

Join:

w Uy = (E@A g / (wvw) (6)

Meet?:

w Mg = { E@A g / @AW (7

It is shown that normal convex fuzzy grades form a lattice ordered

semigroup under - , U, and [l since they satisfy the distributive law

My o g llug) = Gy v up) U, - o)

and constitute a lattice under Hana N [2]. They also form a commutative

semiring under L} and -
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