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Fuzzy Inferences with Various
Fuzzy Inputs

M. Mizumoto

(Osaka Electro-Communication University, Neyagawa, Osaka 572, Japan)

1. Introduction

This paper compares inference results for a fuzzy conditional inference of the

form:

A=>B ,

A" - A, A’, B, B’ :Fuzzy sets

B/
under several translating rules for a fuzzy conditional A=>B by Zadeh, Mamdani:
and Mizumoto when a fuzzy premise A’ is a fuzzy set obtained by - attacking to
the fuzzy set A a linguistic:hedge such as slightly, sort of, highly and so on. It
is shown that the translating rule Rs proposed by the author can get quite reason-
able inference results which fit our intuition.

2. Linguistic Hedges

We shall briefly review some 11nglustlc hedges proposed by Zadeh“’ and intro-
duce new artificial llngulstlc hedges

Let A be a fuzzy set in a universe of discourse U. Linguistic hedges which act
on the fuzzy set A are listed as follows (See .Fig. 1).

As a special case of A"(:J' By /u), we can have such linguistic hedges as
u

CON(A) =very A=A? . o
DIL (A) =more or less A =A"%° e
minus A = A%7® -
e ' : €))
highly A =plus very A=A2"% | . (5)

' AT 198245 3 A 15 Ak A,



46 K ® % % 19834

where CON, DIL, and the following INT and NORM stand for “concentration”,“dil-

ation”,“contrast intensification” and “normalization”, respectively.

INT(A) = s @ /u (8
where ' S St KR
28, (u)? vee QKM (U) <20.5
1-271 "”A(u))z "'.0n5§“’,4(u)€1

NORM (A) :—ul,—A with #% =max K, (u)
A u

Finten (W) = {

Using the above linguistic hedges, we can obtain the following linguistic hedges"
slightly A = NORM (A JCON(A)) N ‘ 4
_—_NORM (A and not very A R

- v5-1 (J Bl A (L= i) /1),

sort of A= NORM(DIL(A) N JCON(AY®) (3
" '=NORM (more or less but not very very' 'A) '

=1. 234(quA W EAA =B @ /u)_-

The above are main linguistic ‘hedges prbppsed by Zadeh. It is found that ling-
uistic hedegs can be viewed as operators which act on a fuzzy set. From this point
of view, we can introduce new operators ona fuzzy set. Seme of these are given by
the following. g 1 ‘

The ,effect of “contrast weakening” (WEAK, for short) is the oppos1tc of that
of INT. , ; .

WEAK (A) = [Uu,smm) W fu- ‘ (9

5 —Z(HA(u)z“:uA(u)) e 04“’,4("’)@0-5
Bwearcs ) = 9 .
L 200, —0.5)2+0.5 = 0.5k, (W) <1
The operator of “middle intensification” (MIDI for short) has the effect ofl int~
ensifing mlddle grades and is defmed as
' MIDI (4) =NORM(A (1] A) =2(AN14 - aom
f zuA(u)/\Z(l L)) fu

As the opposite operator to MIDI, we can give MIDW (“middle weakenlng”) as

follows. _

' MIDW (A) =] MIDI(A) =12(AN1A) o (11
= Lu — 2k W)V (2, ) = 1) /U

The operator a CUT obtains the a-level set of a fuzzy set A. The operator
CUT* is the opposite operator to aCUT, that is, '



e
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aCUT (A) = J-U“acUTw w) fu 12)

(1o B =a

Hocuria (W) =z 0 t,(0) <o
e A .

aCUT* (A) = Iauucl'T'(d) ) /u ) (1 3)

f Lo po(u)<<a
I Q wee ‘LA(M,)>a
The operator aSCAL which gives the scalor product ¢A of ¢ and A is defined

FacuTeiq (W) =

as . ‘ ‘
aSCAL(A) :jvau,,m)m/u | (14)

Finally, we shall give two operators which have the effects of “slenderizing”
and “swelling” a fuzzy set A. The one is named as ¢SLND and the other as ¢SWEL.

These have the same expression but they are distingﬁished from the values of their
parameter «. That is to say,

aSLND (A) = jUOV (an (u) +1—a)/u e aél (15)

¢SWEL(A) = Ina;LA(u) N a1 (16)
Fig. 1 shows the effects of the linguistic hedges of (1)—(i6) on a fuzzy set

A, where A 18 afuzzy setj u/u inyu=L0, 1],

{0,11

3. Fuzzy Conditional Inferences

This section discusses a fuzzy conditional inference using the concept of ling-
uistic hedgec. We shall consider the following form of inference in which a fuzzy
<onditional proposition “If xis A then y is B” is contained.

Prem 1: If x is Atheny is B
Prem 2; x is A/ a7n

Cons: y is B/
where x and y are the names of objects, and A, A’, B and B’ are fuzzy concepts
which are represented by fuzzy sets in universes of discourse U, U, V and V,
respectively. The form of this 'inferenCe may be viewed as fuzzy modus ponens
which reduces to the classical modus ponens when A’ = A and B’ =B. For simplici-

‘ty, we shall rewrite (17) as

A=B
A’ S (18)

BI
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The fuzzy conditional A=B may represent a certain relationship between A
and B. From this point of view, Zadeh?!, Mamdani®, and Mizumoto et alt+-?l.
proposed several translating rules for translating A->B into a fuzzy relation
in UxV.

Let A and B be fuzzy sets in U and V, respectively, and let x and'@ be car-
tesian product and bounded-sum for fuzzy sets, respectively. Then the following
fuzzy relations in UxV can be translated from A=>B. The fuzzy relations Rm and
Ra were proposed by Zadeh, Rc by Mamdani, and the others by Mizuimoto by intr-
oducing the implications of many valued logic systems.

Rm=(AXB)U (] AXV) a9
=[G ABE)V A=)/ @)
Ra= (1 AxXV)®UXB) ' 20
| =IU¥V1/\(1—ﬂ4(u)+M3(v))/(u,v).
Rc=AXB 2D
=L,Wu,4 ) N\itg (@) /(u,v).
RS = AXV—UXB | (22)

ZIU”,D"A w —"I"'B @1/, v,
where
/ 1 eee B (u)<<ip(v),
By(u)-»>u =
Al by () 1 0 e B u) >hp(v).

R5=A‘xV-;> UXB : 23
=[ @ r@ @Y,

where
1 wee B, (u) <hp(v),

Bg(v) o uA(u)>uB('U).
Rb= (1 AXV) U WXB) @4

=IUW(1 -k (W) Wg () /[ (w,v).
R,=AXV3UXB , (25

B, (u)—.’ Bg(v) = {

=j T W) > Hp )1/ (1, 0),
Uxy :
where
1 vee F'A (u) <MB ('U) ’'Y
By(u)—2bp(v) ={ kp(w)
By
In the fuzzy modus ponens of (17) and (18), the consequence B/ can be deduced

ser By (U) >Hg (V)

from prem 1 and 2 by taking the max-min compositon “o” of the fuzzy set A’ and
the fuzzy relation obtained in (19)—(25). For example, we can have
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, Bm/ =A’ s Rm=A"[(AxB)U (]AXW)] (26>
The membership function of the fuzzy set Bm/ in V is given as ,
Bgmr (V) = V{yy (W) ABgn(4,v) } 20

=V {lh,, W) AL, @) Ny (@) (1 -1y )]}
In the same way, we have ) V
Ba' = A o[ (TAXV)® WUXB)] (28)
Be’ = A’ < (A% B) (29)

-
. “ .

The fuzzy modus ponens of (18) represents that the consequence B’ is deduced
when the premise A’ is given under the condition A=B. If we regard the fuzzy
conditional A=>B (that is, fuzzy relation) as a fuzzy system, A’ and B’ correspond
to “fuzzy input” and “fuzzy output”, respectively (see Fig.2). It will be of interest
to discuss what kinds of fuzzy outputs B’ are obtaind when various kinds of fuzzy
inputs A’ are input to a fﬁzzy system. '

In the following we shall obtain B’ under each method in (19)-(25) when A’
is a fuzzy set given by applying linguistic hedgés of (1)-(16) to A, and discuss which
method can get reasonable consequences. '

we shall discuss iny the case of Rm (19) at A’ = A® (as a general case of (1)-
(5)) because of limitations of space. The similar ways are applicable to the other
methods ands A’. Table 1 summarizes the consequences inferrred by all the methods
and A’.

When A’ = A%, the consequence Bm’ is obtained from (27) as follows.

s (©) = V{8, ) A\ W) Abg (@)D V (1~ B ]} (30)
This expression can be rewritten as (32) by letting ‘
xzuA(u), b:u’B(U)y b,, =g, () 3D
under the assumption that #,(u) takes all values in [0, 1] according to u varying all
over U, that is, i, is a function onto [0,1], i.e., x is on [0,17*.
b, = \V{x*ALEAD) V(1 -%) ]} (32)
fy=x*AL&EAD YV Q-%)] (33)
Fig. 3 shows the expressions x" and (x/Ab) V (1 ~x) using a parameter b. When x“
is as in this figure and b is equal to, say, 0.2, the expression f(x) is indicated by
the broken line and hence \/ f(x) at b= 0.2 is the maximum value of this broken line.
The value is equal to the height of the cross point of x* and 1-x. Thus, let x,
(€70,10) be the solution of x*=1-X, then the height (i.e,, maximum value) is
given by 1-x, Therefore, we have b} at b<<l-X, as
‘ bml = \/f (x) =] - xoooobs_:_]’-—xo ‘
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On the other hand, when b=0.7(>1-x,), f(x) is ngen by the line «—..» and its
maximum value is b (=9, 7y:4 Thils b ) - e

bm, = buab}l’ --X

Therefore,
1 Xo vee b 1 - 9&
bm="' !
)\ b ae b\l -
= (1-%) Vb

This result is shown to hold for any «. Therefore, '.us‘ing the notation of (31),
the consequence Bm’ = A °Rm_is as follows o o
g w=0-x ,,>\/u3<u> o - (34)
where ;vcu (E[:() 11) is the solutron of x* =1 - 2 ;. e N

Frg 4 shows the consequence Bm’ (— A%oRm) usmg a parameter a. Frg 5 ‘eiso
1nd1cates ‘Ba'(-.‘ oRa) whrch can ‘be obtaured 1n thev ;ame way as Bm' 'I‘able 1
shows the inference results for other methods and A’ where the notation [ stands
for uB(v) |

The consequences Bd for the method RA(25) at A’—I\IT(A) and WEAK(A) are
shown in (35)and (36);
Case of B} =INT(A) °Ry:

T ~/2u ‘,‘" 0<u3<0 25

u’, !_«-: u ) (R R L e (ns)
B4 | xB o .o 0.25~<.JJ-B-<-,L @ S . O

where

w24 vT0oos O 1T,

= = cos~! [Al’s/—“’-m.wa - 14)}.
Case of By =WEAK(A)oR,: -
'%“L e 0SHE=T0.25

e 0.255Hp<]

| |
= o o | - (36)
l

where

x=—,17 (1—2005 <’_7"']"—) |
3 3

@ =cos-! (1 742u3)

e e——
2 = {1+ o (27ma— 5+ 9y 2T J0at1 )
4 (21ngm5- 9y e IO 1Y)
+ (s =5-9y TR L0k vl

The membership functions ug,, of (35) and (36) are fvery‘ complicated and so we
shall show in Fig, ¢ and 7 the diagrams of Kp, together with the results for other
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mahods : ety N Lt o LI Loy Loralny

In the form of the fuzzy inference of (18), it is qu1te natural to expect that
B =B will be obtamed when A’ = ' = A (the satlsfactxon of modus ponens) Th1s cntenon
is sat1sf1ed by the methods Rc, Rs and Rg ‘See the results for AY at a_ 1 1n Table
1. Namely, these methods obtain A°R=B. Moreover it 1s also natural to expect'
B’ ~Bat A’ ~A. The _method Rs satisfies this cntenon ‘and obtains the consequences
B’ =B°, INT(B) WEAK(B), aCUT(B), eSCAL(B), aSLND (B). and aSWEL(B) at

=A°, INT(A),w.W.EAKT(A)-,, aCUT (A), aSCAL(A), aSLND(A) and aSWEL(A),
respectively. The other methods do not abtain such results. Note that Rc gets always
B except the case of"aSCAL(AY, a</1. Inl*! .we showd that all the methods ‘except
Re satisfy thé’nétura’l‘crite'rion that B’ =unknoWwn is obtained at’A” =not A, Where

unknown ‘1s deflned as I v, In tms connection, for the cr1tenon that B’ ~unknown
is obtamed' at A’ N0l A, We may say that all the methods except Rc satisfy this
criterion. In fact, these methods get B’ =unknown at A’ = MIDW(A) and aCUT*(A)
which are similar to not A. Finally, it is not yet known what kinds of consequences
are good for A’ =sort of A shghtly A and MIDI(A) which are between A and
not A. l

From the above considerétions we can conclude that the method Rs (22) is
most suitable for the fuzzy conditional inference, though the giveh criteria are’in-

tuitive and rough.

4. Conclusion

Under the criterion that B ~B ‘at A;- ;A and B’ ~unknewn at A’ ~not A for
the fuzzy reasoning of (18), it will be poss1b1e to make a quantltatWe analysis of
the goodness of each method by measuring a similarity of B’ and B (or unknown)
when A’ is given which is similar to A (or not A). -

The results of this paper‘will be useful to the problems such as fuzzy control,
fuzzy diagnosis, fuzzy production system and so on which use fuzzy reasoning

methods.
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dacuTH(AY| 1 ! My o | | 1 | J
1
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(%) x_(¢[0.1]) is the solution (**) x (eLD l]) is the solytion (**) 1- Enm bl 3
of x* = 1-x of x% = l-x+ Vg =ﬁ———— .737%6... ¢=1.234, ., 3
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0.5SWEL(A)
A
.5
2SLND(A)
Q .
0 .5 1
(g) oSLND(A), oSWEL(A)
Fig.l (continued) Fig. 3 The way of obtaining (32)
Fuzzy system
Fuxy input Fumy output
- A=>B
A B/
Fig. 2 Fuzzy system (A=>B) with fuzzy input A’
and fuzzy output B’
[ )
| J: Y . 1
1
a=,1 / 335
. 835 /
a=,25 .724 g A’ =more or
.724 - A’ =minas A
618 2.8 A smore or less A i /‘X A=A
. .549 -
6549, 9=.75 / A’ =minus A .5 / AT =plus A
: a=} S A" -a 461 A’ =very A
L4681 —=- A’ =plus A .382 A’ =highly A
.382 — A" =very A .363
.363 A’ = highly A .245
245 165
165 106
—
. 106 e/l 4o N "y
n i n '5
(i .8 !
: Fig. § B, =A%R,
Fig. 4 B, =A*R,

less A
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Fig. 6  Inference results at A’ = INT(A) Fig. 7 Inference results &t A" = WEAK(A)

WEAK(A)
0.5 A
/
S
[ \ L
o : "5 [
(b) INT(A) WEAK(A) (© stigntly A .eomt of A
Lo cutecay a, CUT(A) |
1 " 1
1‘ MIDI(A) /7 | | //
\MIDW (A) i | 1 y
i VAR . IR
\/ i I L
af . 4
1 A'/l
l / ok
0.5r |/4 l 0.
ot P |
. R4 i
K | |
7/ " | 0.58CAL(A)
e | ! . .
o of ! | L o : .
0o 0.5 ¥ 0 & CH i 0 9.5 T
) MIEifA)  MIDW(A) (¢) ¢ CUT(A). ¢ CUT*(A) ° ¢f) a SCAL(A)

ig, 1 Various linguistic hedges for & fuzzy set A . ko
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