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FUZZY INFERENCE USING MAX-A COMPOSITION IN THE COMPOSITIONAL RULE OF INFERENCE

Masaharu MIZUMOTO

Information Science Center
Osaka Electro-Communication University
Neyagawa, Osaka, 572 Japan

This paper shows that most of fuzzy inference methods for fuzzy conditional "If x is A
then y is B" with A and B being fuzzy concepts can infer quite reasonable consequences
which fit our intuition with respect to several criteria such as modus ponens and modus

tollens, if a new composition called "max-4 composition' is used in the compositional
rule of inference, though, as was pointed out before, reasonable consequences can not
always be obtained when using the max-min composition which is used usually in the

compositional rule of inference.

Moreover, it is shown that a syllogism holds for most

of the methods under the max-4 composition, though they do not always satisfy the

syllogism under the max-min composition.

Keywords:

Fuzzy conditional inference, Compositional rule of inference, Fuzzy modus

ponens, Fuzzy modus tollens, Max-4 composition, Syllogism

1. INTRODUCTION

In our daily life we often make such an inference
of the form:

Ant 1: If x is A then y is B
Ant 2: x is A'
Cons: y is B!
where A, A',” B and B' are fuzzy concepts. In

order to make such an inference with fuzzy concepts,
Zadeh [1] suggested an inference rule called
"compositional rule of inference' which infers B'
of Cons from Ant 1 and Ant 2 by taking the max-min
composition of A' and the fuzzy relation which is
translated from a fuzzy conditional proposition
"If x is A then y is B." In this connection, he
[1], Mamdani [2] and Mizumoto et al. [3-6] sug-
gested several translating rules for translating
the fuzzy propoesition "If x is A then y is B'" into
a fuzzy relation.

In [4-6] we pointed out that the consequences
inferred by Zadeh's and Mamdani's methods do not
always fit our intuition, and suggested some new
methods which get the consequences coinciding
with our intuition with respect to several criteria
such as modus ponens and modus tollens. Moreover,
we have proposed in [7] a number of translating
rules which are obtained by introducing implication
rules of many-valued logic systems, but they were
found not to infer reasonable consequences.

In this paper, on the contrary, we show that
almost all the methods proposed before can infer
quite reasonable consequences if, instead of the
max-min composition usually used in the composi-
tional rule of inference, we use a new composition
called ''max-4 composition’ in the compositional
rule of inference, where 4 is the operation of
"drastic product'" introduced by Dubois [8],
Moreover, it is shown that the syllogism holds for
most of these methods when using the max-4 compo-
sition, though they do not satisfy the syllogism
under the max-min composition [7].

2. FUZZY INFERENCE METHODS

We shall first consider the following form of
inference in which a fuzzy conditional proposition
is contained.

Ant 1: If x is A then y is B
Ant 2: x is A' (N
Cons: y is B!

where x and y are the names of objects, and A, A',
B and B' are fuzzy concepts represented by fuzzy
sets in universes of discourse U, U, V and V,
respectively. This form of inference may be
viewed as a fuzzy modus ponens which reduces to
the classical modus ponens when A' = A and B' = B.

Moreover, the following form of inference is
also possible which also contains a fuzzy condi-
tional proposition,

Ant 1: If x is A then y is B
Ant 2: y is B' 2)
Cons: x is A'

This inference can be considered as a fuzzy modus
tollens which reduce to modus tollens when B' =
not B and A' = not A.
T The Ant 1 of the form "If x is A then y is B"
in (1) and (2) may represent a certain relation-
ship between A and B, From this point of view,
several methods were proposed for the form of
fuzzy conditional proposition "If x is A then y
is B."

Let A and B be fuzzy sets in U and V, respec-
tively, which are represented as

A=Ju(U)/U; B=fu(V)/v
oA v B

and let x, u, n, 7 and @ be cartesian product,
union, intersection, complement and bounded-sum
for fuzzy sets, respectively. Then the follow-
ing fuzzy relations in U x V can be derived from
the proposition "If x is A then y is B." The
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fuzzy relation Rm and Ra were proposed by Zadeh
[1], Re by Mamdani [2], and the others are by
Mizumoto et al. [3-7] by introducing the implica-
tions of many-valued logic systems [9-11].

Rm=(AxB)Yu (7AxV) (3)
= J (W AU (V) v (1-1, (W) / (u,v).
Uxv
Ra = (7AxV) @ (Ux B) )
= 1A (t-p, (w+u (v)) / (u,v).
foV A B
Rc = Ax B ()
= Wy (w) A (v) / (u,v).
JUxV A B
Rs = Ax V=>Ux38 (6)
= JUXV[UA(u) T g1 7 (u,v),
where
1 ... uw, () (v),
Hp (W) 2 () = { ol
0 ... uA(u) >uB(VJ.
Rg = A xV = UxB (7
= [u, (W) > u, (V] / (u,v),
JUxV A & B
where

W w) {1 uA(u)guB(V),
w,(u) >, (v) =
AT g B (V) e w () > (V)

Rsg = (AxV >UxB)n(TAx V =>Ux78) (8)

= JUXV[UA(U)guB(V)]A[l—uA(u)El-uB(V)]/(u,v).
Rgg = (AxV 2> UxB)n (TAxV =>Ux7B) (9)

= fuxv[uA(u)EuB(V)]A[l-uA(U)El-uB(V)]/(u,V)-
Rgs = (AxV =>UxB)n(7AxV £>Ux7B) (10)

= IUXV[UA(U)EUB(V)]A[l-UA(Ung-uB(V)]/(u,V)-
Rss = (AxV g>UxB)n(7AxV > Ux7B) (11)

= fuxv[HA(U)guB(V)]A[I—UA(u)gl-pB(v)]/(u,v).
Rb = (7A x V) u (U x B) (12)

JUxV(l_UA(u))V uB(V) !/ (u,v).

Ra = A x V==>UxB (13}

[, (W zu, (] / (u,v),
JUxV A A7B

where 1 vy (W s (V)
uA(u) -A*UB(V) = { up(v) uA(u) >UB(V)~
Hy (Ul
R‘ =AxV z7> UxB (14)
= W, (W3u. (M1 / @w,v),
JUxV A i B

MA@ ()
= [y (WU (W IA[-up (V) 21-1, (W) ]

L (v) -y, (W)
IALAM— ..
_ UA(U) 1-uB(V)

1 cee uA(u)=0 or 1-uB(v)=O.

HpA(W)>0, 1-u (v)>0,

R, =Ax V=>Ux8B (15)
= [, (w) 3w, (M1 /7 (u,v),
JUXV A B
Ha(w) 3 (V) = 1 - w () + p (wn (V)
=Ax V= UxB (16)
= b, (W) 3 u V] /7 (u,v),
ICRCE Y™

Hy () 2w v)

= (ny () Ang (V) v(L-my (W) AL-pp (V)Y (Mg (V) AL-4, (1)

(l—uA(U)VuBCV))A(uA(u)Vl-uA(u))A(uB(V)Vl-uB(V))-

RD =AxV = UxB a7

u, (W) =z u (V)1 / (u,v),
Jva A o'B

1 ... uA(u)<1 or uB(v)=1,
i) 3 0 - {
0 ... uA(u)=1, uB(v)<1.

In order to define a new composition '"max-4
composition' which will be used in the composi-
tional rule of inference, we shall introduce a
new binary operation 4 called "drastic product"
which is the operation Tw(x,y) by Dubois [8].

For x, ye[0,1],

X ... y=1,
x &y = Tw(lx,y) = { Y .o ox=1, (18)
0 .. ox, ¥y <1,

Using this operation, we can easily define
a new composition of 'max-4 composition' of a



Fuzzy Inference 69

fuzzy set A in U and a fuzzy relation R in UxV.

Max-4 Composition:

“AAR(V) = X {UA(u) A uR(u,v)}. (19)

From the definition of max-A composition "A&"
we can have the following properties’ which will
be useful to discuss the fuzzy conditional infer-

ence. The more detailed properties of max-a
composition A and drastic product 4 are found in
[8,12].
Let A, A, and A  be fuzzy sets in U, and R,
R1 and R2 be~fuzzy ¥elations in U x V, then
A A (Rl u Rz) = (A A Rl) u (A A R2), (20)
(A1 U Az) ARS= (A1 AR U (A2 A R), (2
AA (R1 n Rz) c (A A Rl) n (A A Rz), (22)
(A1 n Az) ARCc (A1 A R) n (A2 A R). (23)

Now, we shall begin with the fuzzy modus ponens
in (1). Using the max-4 composition (19), we can
deduce the consequence B' of Cons in (1) from Ant 1
and Ant 2 by taking the max-4 composition "A" of
the fuzzy set A' and the fuzzy relation given in
(3)-(17). For example, we can have for the method
Rm of (3)

Bm' = A' A Rm
A" A [(A xB)u (7A x WV].

(24)

The membership function of the fuzzy set Bm' in V
is given as

Mg (V) = v {uA.(U) A uRm(u,VJ} (25)

u

=V {y,, ()2 [(uA(u)AuB(V))V(I—uA(u))]}~
u

In the same way, we have

Ba' = A'ARa = A'A[(JAxV) @ (UxB)].  (26)
Be' = ATARc = A'A (A x B). (27)
Bs' = A'ARs = A'A[A x V== U x B]. (28)

Similarly, in the fuzzy modus tollens of (2},
the consequence A' in Cons can be deduced using
the composition "&" of the fuzzy relation and the
fuzzy set B'. Namely,

Am' = Rm A B'

= [(AxB)u (7A x V)] A B'

= | U0 )Y )T ey Vs

(29)

Aa' = Ra A B' = [(7AxV)® (UxB)]AB'. (30)
Ac' = Rc A B' = (A x B) & B". (31)
As' = Rs 4 B' = [AxV==>UxB] A B". (32)

3. COMPARISON OF FUZZY INFERENCE METHODS UNDER
MAX-4A COMPOSITION

In this section we shall make comparison of the
fuzzy inference methods obtained above by apply-
ing 15 fuzzy relations (3)-(17) to the fuzzy modus
ponens (1) and the fuzzy modus tollens (2).

In the fuzzy modus ponens, we shall show what
the consequences Bm', Ba', Be', ..., will be when
using the max-4 composition of the fuzzy set A'
and the fuzzy relation, where the fuzzy set A' is

p
At = A = UUA(U)/u,

A' = very A = AZ = J u, (0 %/,
- U

A" = more or less A = AO'5 = J uA(u)O'S/u,
U

;
A' = not A =7A = J l—uA(u)/u,
U

which are typical examples of A'.

Similarly, in the fuzzy modus tollens we shall
show the consequences Am', Aa', Ac', . under the
max-4 composition (as in (29)-(32)) of the fuzzy
relation and the fuzzy set B', where B' is

B' = not B = 7B

1-U (V)/V:
L

B' = not very B = 7B2 = f l-pB(v)z/v,
\

B' = not more or less B = 78Y"°

It

0.5
I-p, (V)" "7 /v,
[

]
B' = B = JVuB(v)/v.

We shall begin with the fuzzy modus ponens in
(1). We assume in the discussion of fuzzy modus
ponens that Hp(u) takes all values in [0,1] accord-
ing to u varying all over U, that is, yp is a
function onto [0,1]. Clearly, from this assump-
tion, the fuzzy set A is a normal fuzzy set,

We shall first discuss Rm and obtain Bm' of

(24). From the above assumption, the expression
(25) can be rewritten as

bp' = V {x' 2 [(xAb) Vv (1-x)]1, (33)

X

and f(x) = x' 4 [{(xab) Vv (1-x)], (34)
by letting

() = x, pp, (u) = x', U (v) = b,

A Al B (35)

UBm.(V) = bm'.

The expression (xAb) v (1-x} in (33) can be shown
in Fig.1(a) by using a parameter b.

When A' is A, x' becomes x, Thus, f(x) of
(34) is

f(x) = x4 [(x ADb) v (1-X)].
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.(b) f(x) at bg.5

(a) (xAb)V(1-x) (black circle)

Fig.1

For example, at bg0.5, f(x) is
circle in Fig.1(b), i.e.,

b ... x=1,
£(x) = {
0 ... x<«<1.

shown by the black

Hence,

bpt = V f(x) = b,
X

In the same way, at b3z 0.5, f(x) is shown by the

black circle in Fig.1l(c). Thus,
bpr =V f(x) = b.
X
In general, we can obtain by' = b for any b. In
other words, we have by = b when x' = x, which

leads to Bm' = B at A' = A, Hence, from (24) the
following is obtained. This shows that the so-
called modus ponens is satisfied under the max-4
composition "A'. Note that modus ponens does not
hold for the max-min composition [4].
Bm' = A A Rm = B. (36)
Similarly, at A' = very A (i.e., x' = x2) and
A' = more or less A (i.e., x' = /X), we can have

byt = b for any b from Fig.1(b) and (c). There-
fore,
Bm' = very A A Rm = B, (37)
Bm' = more or less A A Rm = B, (38)

Finally, when A' = not A (i.e., x' = 1-x), f(x)
of (34) is

f(x) = (1-x) & [(x A D) Vv (1-x)]
and given from Fig.1(d) by

- x =0,

f(x) = { x>0,

v ol

1 ...
0 ...

for any b. Thus,

byt = V £(x) = 1,
X

which leads to byt = 1 at x' = 1-x, that is, Bm' =

(c) f(x) at bz2.5
(black circle)

(d) £(x) at x'=1-x
(black circle)

f(x)=x"a[(xAb) Vv (1-x)] of (34) at x'=x, xZ2, /X and 1-x

unknown at A' = not A, Therefore,
not A A Rm = unknown. (39)
We can obtain the consequences Ba', B¢', Bs',

..., Bn' in the same way as Bm', and thus we omit
the ways of how to obtain them. Table I summa-

rizes the consequences inferred by all the fuzzy

inference methods (3)-(17).

We shall next discuss the fuzzy modus tollens
in (2). In the case of fuzzy modus tollens, we
shall assume that pp is a function onto [0,1].

We shall investigate only the case of Ry of (13)
because of the limitation of space.

The consequence Ap' is obtained by

Ap' = Ry A BT,
uAA.(U) - X{[uA(u) Mg A, (V1. (40)

From the assumption, this expression can be re-
written as

ap' =V [a -+ x] & x', (41)
x A
um=[azx]Aw, (42)
where
- L =
X = UB(V), X UB|(V)I a UA(U),
ap' = ”AAv(”)’
1 ... azgx,
a-+x = { X (43)
A 'a- [P a > X.

The expression (43) with parameter a is depicted
in Fig.2(a).

When B' is not B, x' becomes 1-x.
of (42) becomes

Thus, g(x)

g(x) = [a x x] 4 (1-x)
and is obtained from Fig.2(b) as

1-x ... agxsl,
g(x) = {

0 ... oOtherwise.
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Table 1 Inference results by each method Table II Inference results by each method
(Case of fuzzy modus ponens) (Case of fuzzy modus tollens)
A very A | more or less A| not A not B| not very B| not more or less B B
Rm B B B unknown Rm | not Af not A not A Aunot A
Ra B B more or less B | unknown Ra | not Al not very A| not A unknown
Re B B B @ Rc @ ¢ 4 A
Rs B very B | more or less B | unknown Rs | not A] not very A| not more or less A| unknown
Rg B B more or less B [ unknown Rg | not A| not very A| not more or less A| unknown
Rsg B very B | more or less B[ not B Rsg | not A| not very A| not more or less A A
Rgg B B more or less B | not B Rgg | not A| not very A| not more or less A A
Rgs B B more or less B |not B Rgs | not A| not very A| not more or less A A
Rss B very B [ more or less B |not B Rss | not A| not very A| not more or less A A
Rb B B B unknown Rb not Al not A not A unknown
Rp B B more or less B | unknown Rpo | not Al not very A| not more or less A| unknown
Ra B very B | more or less B | unknown Ry | not Al not very A| not more or less A| unknown
R, B B B unknown R, | not Al not A not A unknown
Ry B B B Bunot B Ry [ not Al not A not A Aunot A
< < <
Ry | unknown | unknown | unknown unknown Re {é..uAjE]{é..uA_i {é .U _i unknown
..UA— ..]JA— UA— —
a=, .3 .5 7 .91 ]% R -I’_‘.\ gomemmmne- ]’\ -
. s ~. /S8 ) S
A N \ S,
N 2 KRN ‘ )
BN 1-a"T / \‘ .
PN L2 K 2 X
1-af ) S 1xT SN+ -
o I,' 1-/ak N,
’ . ll
X ’ X o , X . I’\
0 1 O a 1 0 a 1 0 a 1
(a) a K X (b) g(x) at x'=1-x (c) g(x) at x'=1-x2 (d) g(x) at x'=1-vVx
Fig.2 g(x)=[a K x] 4 x' of (42) (solid line)
: 2
When B' = not very B (i.e., x' =1 - x), g(x)
of (42) will be
1l - xz ... as2xg1,
g(x) = {
0 otherwise,
(e) g(x) at x'=x from Fig.2(c). Thus,
ap' = Vgx) =V 1 - xz =1 - az.
x xe[a,l]
Hence, . 2 . 2
ay' = Vg(x) =V 1l-x = l-a Therefo?e, we have ap' = 1-a" at x' = 1 - x".
b xgla, 1] Namely,
for any a. Therefore, a,' = 1-a at x' = 1-x, ,
that is, Ap' = not A at B' = not B, Stated alter- Ap' = Rp 4 not very B = not very A. (45)
natively, . )
Y At B' = not more or less B (x' = 1 - V/X), g(x)
Ay' = Ry A not B = not A. (44) is given by




72 M. Mizumoto

Table IV Relations between Ant 2 and Cons under

Table III Relations between Ant 2 and Cons
under Ant 1 for the fuzzy modus ponens in (1) Ant 1 for the fuzzy modus tollens in (2)
x is A’ y is B! y is B! x is A'
Relation I . . Relation V i .
s not B X is not A
(modus ponens) X is A y is B (modus tollens} | ¥ —_ —_
Relation II-1 x is very A |y is very B Relation VI-1 y is not very B | x is not very A
Relation II-2 x is very A |y is B Relation VI-2 y is not very B | x is not A
. . more or . _ more or : _ .. Not more ;. NOt more
Relation III-1|x is qoe—g= |y is T Relation VII-1 |y is —=qoe=p | x is coiyge—y
: .. more or . . _ ;. not more .
Relation I11-2 | x is Tess i | ¥ s B Relation VII-2 ¥ is = — X is not A
Relation IV-1 |x is mot A y is unknown Relation VIII-1 |y is B x is unknown
Relation IV-2 | x is not A y is not B Relation VIII-2 |y is B x is A
1-vVx ... agxg 1, is found that almost all the methods can infer
g(x) = { quite reasonable consequences under the max-4
0 ... otherwise, composition, though we can not always get reason-
and able consequences under the max-min composition
ap' = V1-/x=1-va. as shown in Table VI.
xela,1]
Therefore,
4., SYLLOGISM BY EACH METHOD UNDER MAX-4
Ap' = Ry A not more or less B COMPOSTTION
= not more or less A. (46) In this section we shall investigate a syllogism
. . , by each fuzzy inference method under the max-4
Finally, at B' = B (x' = x) composition,
Let P,, P, and P3 be fuzzy conditional propo-
X ...oagxsgl, sitions stuch &s
glx) = )
0 ... otherwise. Py# Tf x is A then y is B
ap' = Vox =1 P2: If y is B then z is C
xe[a,1] PS: If x is A then z is C
Therefore, where A, B and C are fuzzy sets in U, V and W,
, respectively. If the proposition P_ is deduced
Ap' = Ry A B = unknown. (47 from the propositions P, and P2, that is, the

We can obtain the consequences Am', Aa', Ac',
..y Ag' in the same way as Rp'. In Table II the
inference results by all the methods are listed.

In the forms of fuzzy conditional inferences
(1) and (2), it seems according to our intuition
that the relations between A' in Ant 2 and B' in
Cons of the fuzzy modus ponens (1) ought to be
satisfied as shown in Table IIT (cf. [4,5]).
Similarly, the relations between B' in Ant 2 and
A' in Cons of the fuzzy modus tollens (2) ought
to be satisfied as in Table IV,

In Table V, the satisfaction (0) or failure
(X) of each relation in Tables IIT and IV under
each fuzzy inference method.is indicated by using
the consequence results of Tables I and II. In
order to compare the inference results under the
max-4 composition and the max-min composition,
the inference results under the max-min composition
is listed in Table VI [7].

From Tables I, II and V it follows that all
the inference methods except can satisfy the
so-called modus ponens under the max-4 composition,
but only the methods R¢, Rs, ., Rss can satisfy
the modus ponens under the max-min composition.
The same holds for modus tollens. Moreover, it

following holds: 1

Pl: If x is A then y is B
P2: If y is B then z is C
PS: If x is A then z is C

then it is said that a syllogism holds.
Let R(A,B), R(B,C) and R(A,C) be fuzzy rela-
tions in UxV, VxW and UxW, respectively, which
are obtained from the propositions Pl’ P, and PZ’
respectively. If the following equdlity holds;

the syllogism holds under the max-4 composition.

R(A,B) & R(B,C) = R(A,C)- (48)
That is to say,

Pl: If x is A then y is B —s R(A,B)

PZ: If y is B then z is C —> R(B,C) (49)

PS: If x is A then z is C <— R(A,B)AR(B,C)
where "A'" is the max-a composition of R(A,B) and
R(B,C), a.d the membership function of R(A,B) A
R(B,C) is given by
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Ant 2 Cons Rm Ra Rc Rs Rg Rsg Rgg Rgs Rss Rb Ry Ry R+ Ry Ry
Relation I
(modus ponens) A B 0 0 0 0 0 0 0 0 0 0 0 0 0 4]
Relation II-1 very A very B X X X 0 X 0 X X 0 X X 0 X X
Relation II-2 very A B 0 0 0 X 0 X 0 0 X 0 0 X 0 0
Relation T11-1 | HOX€ O more or X 0 X 0 0 0 0 0 0 X 0 0 X X
less A less B
Relation 1T1-2 | TOI€ O B 6 X 0 X X X X X X 0 X X 0 0
less A
Relation IV-1 not A unknown 0 0 X 0 0 X X X X 0 0 0 0 X
Relation IV-2 not A not B X X X X X 0 0 0 0 X X X X X
Relation V | - | T T
(modus tollens) not B not A 0 0 X 0 0 0 0 6] 0] 0 0 0 0 0
Relation VI-1 not very Bl not very AfX ¢ X O O ©0 0O O O X 0 0 X X
Relation VI-2 not very B| not A 0 X X X X X X X X 0 X X 0 0
Relation VII.] | Dot moTe motmore |, y y o 0 0 0 0 0 X 0 0 X X
or less B or less A
. not more
Relation VII-2 or less B not A 4] 0 X X X X X X X 0] X X 0] 0]
Relation VIII-1| B unknown X 0 X 0 0 X X X X 0 ¢} 0 0 X
Relation VIII-2| B A X X 0 X X 0 0 o] 0 X X X X X
Table VI Satisfaction of each relation in Tables III and IV under each method
(The case of max-min composition) (cf. [7])
Ant 2 Cons Rm Ra Rc Rs Rg Rsg Rgg Rgs Rss Rb Ry Ry R« Ry Ry
Relation I A B X X 0 0 0 0 0 0 0 X X X X X
(modus ponens)
Relation II-1 very A very B X X X 0 X 0 X X 0 X X X X X
Relation II-2 very A B X X 0 X 0 X 0 0 X X X X X X
Relation IT1-1 | D220 Jore or X X X 0 0 0 0o 0 0 X X X X X
less A less B
Relation 111-2 | 2of& OF B X X 0 X X X X X X X X X X X
less A
Relation IV-1 not A unknown o 0 X 0 0 X X X X 0 0 0 0 X
Relation IV-2 not A not B X X X X X 0 0 0 0 X X X X X
Relation V not B not A X X X 0 X 0 X X 0 X X X X X
(modus tollens)
Relation VI-1 not very Bjnot very Ay X X X 0 X ©0 X X 0 X X X X X
Relation VI-2 not very B} not A X X X X X X X X X X X X X X
Relation VII.} | Dot more JHOLMOTE |y y x o X 0o X X 0 X X X X X
or less B or less A
Relation VIT-2 | BOEMOTE | .5t A X X X X X X X X X X X X X X
or less B _—
Relation VIII-1| B unknown X 0 X 0 0 X X X X 0 0 0 O X
Relation VIII-2| B A X X 0 X X X X 0 0 X X X X X
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C:
a=0 1 1
A / .9
.2 .8
.3 .
g X
5 -5
.6 4
.7 .3
.8 .2
.9 X 0 + X L

1o 10 1

(a) (l-a) vx (b) (1-x)ve

"N AN o
N\ ’:' N, ’o'
\ . N, -
\...._......",,’._._... c \. .
"’ \. n"
a a3 a .
/0 --------- R SN,
N
v—-—aC
1-a 1-a
- X > X
0 1 0 1

(¢) h(x) at 1l-agc (d) h(x) at 1l-azc

Fig.3 h(x) =[(1-a) vx} 4 [(1-x) vc] of (52) (black circles)

HR(A,B)AR(B,C) (W¥)

= X {hpea,py (W) 2 Mrep,cy (VoW e (50)
Now we shall obtain R(A,B) AR(B,C) under each
fuzzy inference method and show whether the syllo-
gism holds or not. In the discussion of the
syllogism it is assumed that the membership func-

tion ug of the fuzzy set B is a function onto [0,1].

We shall discuss only the case of Rb of (12).

The fuzzy relations Rb(A,B) and Rb(B,C) are obtained

from the propositions Py and Py by using (12).

Rb(A,B) = (JA x V) U (U x B),
Rb(B,C) = (7B x W) U (V x C).

Thus, the max-4 composition of Rb(A,B) and Rb(B,C)
will be

Rb(A,B) A Rb(B,C)

= [(FTAxV) u (UxB)] A [(7BxW)u (VxC)]
and its membership function is as follows.

"Rb (A, B) aRb (B,C) (4>¥)

= \\I/{[(l—uACU))VuB(v)] A L= (VI vi (W) 1)
Moreover, this expression can be rewritten as

d =V {[(1-2) vx] A [(1-x) vec]l}, (51)
X

h(x) = [(1-a) vx]a [(1-x) vc] (52)

under the above assumption that g is a function
onto [0,1], where

d = a = uA(u),

HRb (A, B)ARb (B,C) WM
uB(V), c = uC(W)-

X

The expression (1-a) vx of (52) can be depicted
in Fig.3(a) by using parameter a, and the expres-
sion (1-x) V¢ is shown by using parameter c as in
Fig.3(b).

When 1-a £ c, the function h(x) of (52) is

given by the black circles in Fig.3(c), i.e.,

1-a ... x
h(x) = { c e X
0 ... otherwise.

o

O;
1,

Thus, d of (51) is obtained by

d=Vhx =c¢
X

at 1-a £ ¢. (53)

On the other hand, when 1-a 2 ¢, h(x) is given by
the black circles in Fig.3(d). Thus,

d=1-a at 1l-a 2 c. (54)
Therefore, from (53) and (54) we have
d = (1-a) Ve
for any a and c, i.e.,
HRb (A,B)ARb (B,C) (4+¥)
= (1 - w W) v ), (55)

which indicates

Rb(A,B) A Rb(B,C) = Rb(A,C). (56)
Therefore, the syllogism holds for Rb under the
max-4A composition "A'". Note that the syllogism
does not hold under the max-min composition [7].

In the same way, we can obtain R(A,B)AR(B,C)
by the other fuzzy inference methods and thus we
shall list the results in the following.

Rm(A,B) A Rm(E,C)

flu, (@) ,u-(w)) / (u,w) (57)
foW A c

# Rm(A,C) (=

(0 () A (0)) ¥ (1o, () / ()
UxW

where
e (W) - M (=1,
f(UA(U),UC(W)) = UA(u)v(l—uA(u))... uc(w)=1,

0 ... otherwise.
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(65)

Table VII Satisfaction of syllogism under the max-4 composition and max-min composition
Rm Ra Rc Rs Rg Rsg Rgg Rgs Rss Rb Ry Ry R+ Rg¢ Ry
Max-4 composition 0 0 0 0 0 0 0 0 0 X X 0
Max-min composition| X X X 0
Ra(A,B) A Ra(B,C) = Rss(A,C).
S s /@
UxW

Ra(A,C).

Rc(A,B) A Re(B,0)

flu, (W) ,u.(w)) / (u,w)
Jwa A ¢

# Rc(A,C) (= f #y (W) Auc(w) /

UxW

uC(W)
1, (W)
0

£u, (W),u.(w) =

Rs(A,B) A Rs(B,C)

W (W) > u.(w) / (u,w)
Iwa AT s T

Rs (A,C).

Rg(A,B) A Rg(B,C)

Y, (w) > u.(w) / (u,w)
fow AT g C

1}

Rg(A,C).

Rsg(A,B) A Rsg(B,C)

= [M, (W) > u. ()] A[1-u, (u)
foW A s C A

Rsg(A,C).

Rgg(A,B) A Rgg(B,C)

= JUXW[UA(u) . He(W) ] A[l-uA(UJ

Rgg(A,Q).

Rgs(A,B) A Rgs(B,C)

[wa[uA(u) 7 me ()] A [1-, (u)

I

Rgs (A,C).

Rss(A,B) A Rss(B,C)

= fu, (@) > u (W) A [1-y, (w)
JUXW A s C A

(38)

(u,w)), (59)

uA(u) =1,

uC(W) =1,

otherwise.
(60)
(61)

l—uc(WJ]/(u,W)

(62)

11,01/ (W)

(63)

wy

I'UC(W) ]/(qu)

(64)

L1, () 1/ (5, w)

= (1 -y, ) vu.w) / (u,w)
{UXW A ¢

Rb(A,C).

Ry (A,B) 4 Rp(B,C)

= fUXWUA(u) Iy uC(W) [/ (u,w)
= Rp(A,C).

Ra(A,B) A R4(B,C)

= W, (W) =+
foW A A

= Ry(A,C).

uC(W) / (u,w)

R+(A,B) A R«(B,0)

= (1 - u, (u)) v u.(w) / (u,w
JUxW A ¢

# R«(A,C) (= f
UxW

R4 (A,B) A Ry(B,C)

= £u, (W) 1. (W) / (u,w)
JUxW A ¢

# Re(A,0)
(:

AL-u(Wvu(W)) /7 (u,w)),

where
{ uC(W)V(l-uC(W)) ..
He (W)
£l (Woua ) =91 - w, (W

uA(U)V(l—uA(u)) .

0

Ry(A,B) & Rg(B,C)

= U, () > (w) / (u,w)
IUxW A o ¢

= Rg(A,0).

. uA(u)
. uC(W) =

(66)

(67)

(68)

(69)

1-uA(u)+uA(u)uC(W)/(u,W))-

(70}

f (l-uA(U)VuC(WJ)A(uA(u)vl—uA(u))
UxW

0,
1,
0,
1,

Uy (u) =

il

uC(W) =

. otherwise-

(71
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Using these results, the satisfaction (0) or
failure (X) of the syllogism by each method under
the max-4 composition is listed in Table VII.

This table also contains the results under the
max-min composition (cf. [7]).

It follows from Table VII that the methods Ra,
Rb, Rp and Ry can satisfy the syllogism under the
max-4 composition, though they do not satisfy it
under the max-min composition. But the converse
holds for Rc.

5. CONCLUSION

We have shown that, when the max-4 composition is
used in the compositional rule of inference, most
of the fuzzy inference methods can get quite reason-
able consequences which coincide with our intuition
with respect to several criteria such as modus
ponens, modus tollens and syllogism.

It will be of interest to apply the max-j com-
position to fuzzy inferences which are of the more
complicated form such as

If x is A then y is B else y is C,
x is A'.

y is D.

If x is A] then y is Bj else

If x is A7 then y is By else

If x is Ap then y is Bp.

x is A'.

y is B',

These results will be presented in subsequent
papers.
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