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ABSTRACT

This paper shows that the majority of fuzzy inference methods for a fuzzy conditional
proposition “If x is A4 then y is B,” with 4 and B fuzzy concepts, can infer very reasonable
consequences which fit our intuition with respect to several criteria such as modus ponens and
modus tollens, if a new composition called “max-C composition” is used in the compositional
rule of inference, though reasonable consequences cannot always be obtained when using the
max-min composition, which is used usually in the compositional rule of inference. Further-
more, it is shown that a syllogism holds for the majority of the methods under the max-©
composition, though they do not always satisfy the syllogism under the max-min composition.

1. INTRODUCTION

In our daily life we often make inferences of the form

Ant1: IfxisA thenyis B.
Ant2: xisA’.
Cons: yisB'.

where A, A’, B, and B’ are fuzzy concepts. In order to make such an inference
with fuzzy concepts, Zadeh [1] suggested an inference rule called the *“composi-
tional rule of inference,” which infers B’ of Cons from Ant 1 and Ant 2 by
taking the max-min composition of A" and the fuzzy relation which is translated
from the fuzzy conditional proposition “If x is 4 then y is B.” In this
connection, he [1], Mamdani [2], and Mizumoto et al. [3-7] suggested several
translating rules for translating the fuzzy proposition “If x is 4 then y is B” into
a fuzzy relation.

In [4-6] we pointed out that the consequences inferred by Zadeh’s and
Mamdani’s methods do not always fit our intuition, and proposed some new
methods which can lead to consequences coinciding with our intuition with
respect to several criteria, such as modus ponens and modus tollens. Moreover, we
suggested in [7] new translating rules which are obtained by introducing
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implication rules of many valued logic systems, but these methods were found
not to infer reasonable consequences.

In [8], however, we have shown that, although the translating rule called by
Zadeh the “arithmetic rule” does not infer reasonable consequences in the

" compositional rule of inference which uses the max-min composition, the
arithmetic rule can infer very reasonable consequences when a new composition
named “max-@ composition” is used in the compositional rule of inference,
where @ is the operation of “bounded product,” which is dual to the “bounded
sum” introduced by Zadeh [1].

As continuation of our study [8], this paper investigates the inference results
of all the translating rules proposed until now under the max-® composition,
and shows that the majority of the translating rules can infer very reasonable
consequences which fit our intuition. Moreover, it is shown that the majority of
the translating rules satisfy a syllogism under the max-© composition.

2. TRANSLATING RULES

We shall first consider the following form of inference in which a fuzzy
conditional proposition is contained:

Antl: IfxisA thenyisB.
Ant2: xisA’, (1)
Cons: yis B’

where x and y are the names of objects, and A, A, B, and B’ are fuzzy concepts
represented by fuzzy sets in universes of discourse U, U, V, and V, respectively,
This form of inference may be viewed as fuzzy modus ponens, which reduces to
the classical modus ponens when A"= A4 and B’ = B.

Moreover, the following form of inference is possible, which also contains a
fuzzy conditional proposition:

Antl: IfxisdthenyisB.
Ant2: yis B’ (2)

Cons: xisA’.

This inference can be considered as fuzzy modus tollens, which reduces to the
classical modus tollens when B’ = not B and A’ = not 4.

The fuzzy proposition “If x is A then y is B” in (1) and (2) may represent a
certain relationship between 4 and B. From this point of view, a number of
translating rules have been proposed for translating the fuzzy conditional
proposition “If x is A then y is B” into a fuzzy relation in U X V.
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Let A and B be fuzzy sets in U and V, respectively, which are represented as

a=[pa(u)/u,  B=[ps(0)/0,

and let x, U, N, - and & be the cartesian product, union, intersection,
complement, and bounded sum for fuzzy sets, respectively. Then the following
fuzzy relations in U/ X V are translations of the fuzzy conditional proposition “If
x is A then y is B.” Rm (maximin rule) and Ra (arithmetic rule) were proposed
by Zadeh [1], Re (min rule) by Mamdani [2], and the others were created by
Mizumoto et al. [3-7] by introducing the implications of many valued logic
systems [9-11].

Rm=(4AXB)U(-4XV)

= Ira@aus()]V = k()] /(w0); ()
Ra=(=4XV)®(U X B)

= [ A=) s (0) /(0 0); (@)
Rc=AXB

= gl Ars(0)/(,0); (5)

Rs=AXV=UXB
5

= [ Jra(w) 2 us(0)] / (w0), (6)

where

I, py(u)<pp(o),

)0 = (g LTI

Rg=AXV=UXB
4

=./.UXV[’LA(u):”B(v)]/(u’v), @
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where

AL pa(u) <pp(v),
palu) g ”B(U)_{P’B(D)’ pa(u)>pg(v);

ng=(AxV-—;> UxB)n(—.AXV=g> Ux_.B)

= [ Jre) 2 k@] A[1=pa(w) 2 1= pa(0)| /(o) (®)

Rgg = (AxV=g» UXB)(\(—.AXV? Ux~B)

=./u><V[”’A(u) _g’ ”B(D)] " [1_’“(“) : 1~pB(v)]/(u,v); ©)

Rgs = (AXV? UxB)n(-.AxV? U x-B)

=fuxy[lu(u);’us(v)]/\[l—m(u)j1“"3(0)]/(“’”); (10)

Rss=(AXV=; UXB)(\(—.AXV? Ux_,B)

[ a0 (@] A[1= ) = 1= ma ()] /0 1)

Rb= (-4 xV)U(U X B)
=foV[l _F"A(“)]VI-"B(’-’)/(M, v).

R,=AXV=UXB
A

=fuxv[’u(u) _: ”B(v)]/(u,v)’

where

1, pa(u) <pg(v),

pa(u) Z’ pp(v)= pp(v)

==, pq(u)>ps(v);

pa(u)

R,=AXV=UXB

A

=fuxy[lu(u) = #a(0)1/(u,0),

(12)

(13)

(14)




FUZZY CONDITIONAL INFERENCE 187
where
pa() 2 1a(0) = [maw) 2 ma(0)|A[1= ma(v) = 1= ()]
1A ps(v) A 1—p,(u)

- pa(u)  1-pp(o)’
1, pa(u)=0 or 1-pp(v)=0;

pa(u)>0, 1—py(v)>0,

R*=AXV=: UXxXB

= [, [Pa(0) 2 ma(0)] Aw0), (15)
where
pau) 2 pp(0)=1-p,(u)+p, (u)ps(v);
R, =AX V= UXB
= [, Jra 2 ms(0)] [ (.0), (16)
where

p(u) % pe(v)=[r () Apg(v)]v [l_l’q(u)/\l_ﬂ's(”)]

Vps(e)Al=p (u)]
=[1-p(u)vpg(o)]A [ma(u)Vi-p,(u)]
A [#B(O)VI_I‘B(D)];

Ro=AXV=UXB
O

Sl zee] S

where

1, pe(u) <1 or pg(v) =1,
) 2 uao) = {7 R < or (o) =
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We shall next review the properties of the “bounded product” © in order to
define a composition, called “max-© composition,” which is used in the
compositional rule of inference.

The operation of bounded product © is defined as follows: For any x,
y€0,1],

xQpy=0v(x+y—1). (18)
This is a dual operation of the “bounded sum” @ introduced by Zadeh [1]:
x®@y=1A(x+y). (19)

For the bounded product ©, the following properties are obtained. The
properties of the bounded sum & are omitted, since it is dual to ©. More
detailed properties of © and @ are found in [12-14].

x<y, z€w = x0zgy0Ow,
xOx<x,
xQy=y0Ox,
xQ(y0z)=(x0y) 0Oz,
x@(yoz)=(xOy)e(x0z),
1-(xQy)=(-x)e(1-y),
xOl=1x, x®0=0,
x@(1—x)=0.

Moreover, the following properties are also obtained by combining © with Vv
and A:

x@(yvz)=(x0Oy)v(x0z),
xO(yAz)=(xQp)A(x0z),
xV(y®z)=(xVvy)O(xVz),

xA(yOz)2(xAy)O(xAz).



FUZZY CONDITIONAL INFERENCE 189

Using the bounded product ©, we can easily define the max-© composition
of a fuzzy set A in U and a fuzzy relation Rin U X V:

AOR® pop(v)= \u/ {pa(u) Opg(u,v)). (20)

From the definition of max-© composition O0, we have the following proper-
ties, which may be useful in discussing the fuzzy conditional inference.

Let A, A, and A, be fuzzy sets in U, and R, R, and R, be fuzzy relations in
U x V. Then

AO(R,UR,)=(AOR,))U(AOR,),
(4,V4,)O0R=(4,0R)U(A4,0R),
AO(R,NR,)c (AOR,)N(AOR,),
(A4,NnA4,)ORC(4,0R)N(A,0R).
Now we shall begin with the fuzzy modus ponens of (1). Using the max-©
composition (20), we can obtain the consequence B’ of Cons in (1) from Ant 1

and Ant 2 by taking the max-® composition [1 of the fuzzy set A’ and the fuzzy
relation given in (3)-(17). For example, we can have

Bm’= A’ORm
=A'0[(AX BYU(—A X V)]. (21)

The membership function of the fuzzy set Bm’' in V is given as
P (0) =V (e (#) Oppan (4, 0))
=V (b (@) O Ars ()] V1= (@]} (22)

In the same way, we have

Ba’'=A'DRa=A'O[(-4x V)& (U X B)], (23)
Bc'=A'0Rc=A'0(A X B), (24)
Bs'=A'ORs=A'0[AXV = U XB], (25)
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Similarly, in the fuzzy modus tollens of (2), the consequence 4’ in Cons can be
deduced using the composition O of the fuzzy relation and the fuzzy set B’
Namely,

Am' =RmO B’
=[(AXB)U(-4AXV)]OB’ (26)
=fU \D/ (([P'A(u)/\ﬂa(v)]v [I*P'A(“)])@P'B'(U))/“’
Aa’=RaOB’'=[(-4XxV)e(U X B)]O B, (27)
Ac=RcOB'=(AX B)OR, (28)
As’=RsDB’=[A><V= UXB]DB', (29)

3. COMPARISON OF FUZZY INFERENCE METHODS UNDER MAX-©
COMPOSITION

In this section we shall make comparisons of the fuzzy inference methods
obtained above by applying 15 fuzzy relations of (3)-(17) to the fuzzy modus
ponens (1) and the fuzzy modus tollens (2).

In the fuzzy modus ponens, we shall show what the consequences Bm’, Ba’,
Bc,...will be when using the max-© composition [as in (21)-(25)] of the fuzzy
set A’ and the fuzzy relation, where the fuzzy set 4’ is

A=a=[p(u)/u,
U

a'=veryd=A7= [ p,(w)’/u,

U
A’=moreorlessA=‘/Z=f‘/pA(u)/u,

U

A’=n0tA=—.A=fl—uA(u)/u,

U

which are typical examples of 4'.
Similarly, in the fuzzy modus tollens we shall show what the consequences
Am’, Aa’, Ac/,...will be when using the max-® composition {as in (26)—(29)] of
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the fuzzy relation and the fuzzy set B’, where B’ is
B’=notB=—.B=f1—p,B(v)/v,
14
’ 2 2
B’=notveryB=—B ﬁfl—uB(v) /v,
14
B’=notmoreorlessB=—.\/§=f1—,/;;3(0)/0,
14
B'=B= [ s(0)/v.
v

We shall begin with the fuzzy modus ponens in (1). We shall assume in the
discussion of the fuzzy modus ponens that p ,(u) takes all values in [0,1] as u
varies over all of U, that is, p, is a function onto [0,1]. Clearly, from the
assumption, the fuzzy set 4 is a normal fuzzy set.

We shall first discuss Rm and obtain Bm’ of (21). From the above assump-
tion, the expression (22) can be rewritten as

b, = \x/ {(x’O[(x Ab)Vv(1-x)]}, (30)
and
f(x)=x"O[(xAb)V(1—x)] (31)
by letting
palu)=x, pe(u)=x", pp(v)=>b, ppn(v)=5,. (32)

(i) For A’= A: When A’ is equal to 4 (i.e., p 4= ), x” becomes x from
(32). Thus, we have f(x) of (31) as'
f(x)=xO[(xAb)V(1-x)]
=0v{x+[(xAb)V(1-x)]-1}
=0v{[x—1+(xAb)]V[x—-1+1-x]}
=0Vv{[(x—1+x)A(x—1+5)]Vv0}
—ov[@x=1)A(x—1+b)]
={ov(2x—1)]A[OV(x—1+b)]. (33)
'For any real numbers x, y, and z, we have in general x+(y A 2)=(x+ y)A(x + 2),

xHyVay=(x+pV(x+z), (xAy)—z=(x~2)Ay—2), (xVp)—z=(x—2)V(y—
D x—(yAZ)=(x—y)V(x—z2), x—(pViz)=(x— y)A(x—z),
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Figure 1(a) shows partial plots of the expressions 0V (2x — 1) and OVv(x—1+b)
of (33) with b as parameter. When b is equal to, say, 0.2, f(x) is indicated by the
broken line, and thus b/, =V, f(x) of (30) at b=02 is scen to be 0.2 by
observing the maximum of this line. In the same way, at b = 0.6, f(x) is shown
by the dot-dash line, whose maximum value is 0.6. Thus we have b, = 0.6 at
b = 0.6. In general, we can have b, = b for any b, that is, b, = b at x’' = x, which
leads t0 pipy =y at pe=p, from (32). Thus, Bm'= B at 4'=A. Therefore,
from (21),

AORm = B, (34)
1- 1,
05- 05'
0 0
0 0

(a) (b)

(¢) £(x) of (37)

Fig 1. f(x)= x’ O[(x A b)V(I— x)] at x'= x, x?, and Vx.



FUZZY CONDITIONAL INFERENCE 193

which indicates that the modus ponens is satisfied by the method Rm under the
max-©O composition Ol It is noted that Rm does not satisfy the modus ponens
under the max-min composition [4].

(ii) For A’=veryd: When A’'= veryd (=A%), x’ becomes x*. Thus, (31)
will be

f(x)=x*O[(xAb)v(1-x)]

=0v{x2+[(xAb)V(1-x)]-1}

=ov{[x2=1+(xAB)]V[(x*-1+1-x)]}

=ov[(x* =1+ x)A(x? =1+ )] V(x2 - x)

=ov[(x*+x-1)A(x*=1+b)] since x*—x<0

=[ov(x2+x-D]afov(x2-1+b)]. (35)
In Figure 1(b), the expressions 0V (x?+ x —1) and 0V (x? — 1+ b) are plotted
with b as parameter. For example, at b= 0.2, f(x) is shown by the broken line,
and its maximum value is 0.2. Thus, b, = V, f(x) = 0.2. When b = 0.7, we have
b’ = 0.7. Thus, in general, we can obtain b= b for any b. Therefore, Bm'= B at
A’ = veryA. Thus,

veryAORm = B. (36)

(iii) For A’ =more or less A: Since x’=Vx, f(x) is given by

f(x)=Vx O[(xAb)V(1-x)]
={[ov(Vx+x-D]afov(Vx -1+B)])v(¥x-x). (37

In Figure 1(c), f(x) at b=0.2 (< 0.25) is shown by the broken line, whose
maximum value is equal to the maximum value of Vx — x. The expression
Vx —x in fact takes its maximum value 0.25 at x =0.25. Thus, we have
b, =V, f(x)=025 at b=0.2. It is found from this figure that b, = 0.25 so
long as b < 0.25. On the other hand, when b = 0.6 ( > 0.25), f(x) is indicated by
the dot-dash line. Its maximum value is equal to 0.6. In general, we can obtain
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b, = b as long as b = 0.25. Thus we conclude that

1 1

b""‘ a4 bgz;
m = b>l
273

b, ;
=4Vb
Therefore,
more or less A0ORm = B’
where

Pe=%Vpp. (38)
(iv) For A’=not A: Since x"'=1~- x, f(x) will be

f(x)=(=-x)O[(xAb)V(l-x)]

=0v(—2x+1).
Thus,
bu="V f(x)
= Y(Ov(—2x+1»
=1.
Therefore,

not AO0Rm = unknown. (39)

We can obtain the consequences Ba’ (cf. [8]), Bc,..., By in the same way as
Bm’, and thus we shall not discuss the details of how to obtain them. Table 1
summarizes the consequences inferred by all the inference methods (3)-(17)
under the max-® composition.

We shall next discuss the fuzzy modus tollens in (2). In the case of the fuzzy
modus tollens, it is assumed that p, is a function onto [0,1]. Because of the
limitation of space, we shall investigate only the case of Rb of (12).
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TABLE 1
Inference Results under Max-© Composition (Case of Fuzzy Modus Ponens)
A veryA more or less A not A
Rm B B Ivpg unknown
+ l’ pp< 1
Ra B B T4 i : unknown
Vhe, HB23
Re B B B @
Rs B very B more or less B unknown
Rg B B more or less B unknown
Rsg B very B more or less B not B
Rgg B B more or less B not B
Rgs B B more or less B not B
Rss B very B more or less B not B
Rb B B Vg unknown
R, B B more or less B unknown
R, B very B more or less B unknown
1 hp <)
— ., gl
R, B B 4(1-pp) : unknown
138 1] = %
R, B B iVis BUnot B
Ry unknown unknown unknown unknown

The consequence Ab’ is obtained [see (26)—(29)] by

From the above assumption, this expression can be rewritten as

where

Ab’'=RbO B',

paw(u)= \v/ (([1 — ()] Vip(v)) GI"B’(U))'

ay= "V {[(1-a)vx]Ox’),

g(x)=[(1-a)vx]Ox,

a;,=p,|,,,(u), a=l‘A(“), x=pp(v), x'=pgp(v).

(40)

(41)

(42)
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We shall show what the consequence a;, (or Ab’) will be when B’ = not B, not
very B, not more or less B, and B under the max-© composition.

(i) For B’=not B: When B’=not B, x’ becomes 1— x, from (42). Thus,
g(x) of (41) is given by

g(x)=[(1-a)vx]O(1-x)
=0v{[(1-a)vx]+(1-x)-1)
=0v{[(1-a)—x]v(x—x)}
=0v(l—a-x).
Therefore, from (40) we have a;, as

ap=V g(x)

=V {0v(l-a—x))
=]l—a at x=0.

It follows from this result that a; =1—a at x'=1-— x, that is, Ab’=not 4 at
B’ =not B. Hence,

RbOnot B=not 4. (43)

This identity indicates the satisfaction of modus tollens by Rb under the max-©
composition. Note that Rb does not satisfy the modus tollens under the max-min
composition [7].

(ii) For B’=not veryB: Since x"=1- x2, g(x) will be

g(x)=[(1-a)vx]O(1-x)
=[ov(1—a-x?)]v(x—x?).
Therefore,
as=V g(x)
= V{lov(1-a—x)]v(x-x)}
=V {ov(l—-a-x?))v V {x-x?%}

=(1-a)vi.
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Hence

RbCinot very B = A’,
where

pae=4v(1-p,).
(iii) For B’ = not more or less B:
g(x)=[(1-a)vx]O(1-Vx)
=0v(l—a—vx),
ap= V g(x)

= V{ov(1-a-vx))

=]l-a at x=0.

Therefore,
RbOnot more or less B = not A.
(iv) For B’ = B:
a,= V{[(1-a)vx]Ox)}
=V ov(x—a)v(2x-1)]
=0v[ v (x*a)]v[ V (2x—l)]
=0v(l—a)Vvi
=1.
Thus,

RbO B = unknown.

197

(44)

(45)
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We can obtain the consequences Am’, Aa’ (cf. [8]), Ac/,...,Al; in the same
way as Rb’. In Table 2 the inference results obtained by all the methods under
the max-© composition are listed.

In the forms of fuzzy conditional inference (1) and (2), it seems according to
our intuition that the relations between A’ in Ant 2 and B’ in Cons of the fuzzy
modus ponens (1) ought to be satisfied as shown in Table 3 (cf. [4, 5]). Similarly,
the relations between B’ in Ant 2 and A4’ in Cons of the fuzzy modus tollens (2)
ought to be satisfied as in Table 4.

In Table 5, the satisfaction (O) or failure (X) of each criterion of Tables 3
and 4 under each fuzzy inference method is indicated by use of the inference

TABLE 2
Inference Results under Max-© Composition (Case of Fuzzy Modus Tollens)
not B not very B not more or less B B
Rm not 4 (-p)vi not A AUnot A
1k, <3
Ra not A \ fa fa f } not A unknown
at(l—pa), pa>:
-yl y < 1
Re & { /':'A Har My T o A
as Ra = 2
Rs not A not very A not more or less 4 unknown
Rg not A (1-plHvi not more or less A unknown
Rsg not 4 not very A notmoreorless4 A
Rgg not A (1-pivi notmoreorless4 A
Rgs not 4 A-p2)vi not more orless A A
Rss not A not very A not moreor less 4 A4
Rb not A (—nHvi not A unknown
V2
P-ph pa< >
R, not A i \/5 not more or less 4 unknown
7 Baz 5
apy
R, not A not very/; not more or less4  unknown
R, not A 1- MT" not A unknown
R, not A (I-pHvi not A AUnot A
1, pu<l L, py=l L, py<l
R
s {0, ;1,,=1} {O, pe=1 0, p,A=l} unknown
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results in Tables 1 and 2. In order to compare the inference results under the
max-©® composition and the max-min composition, the inference results under
the max-min composition are listed in Table 6 (cf. [7]).

From Tables 1, 2, and 5 it follows that all the inference methods except Ry
can satisfy so-called modus ponens under the max-© composition, but only the
methods Rc,Rs, ..., Rss can satisfy the modus ponens under the max-min com-
position. Almost the same holds for modus tollens. Moreover, it is found that the
majority of the methods can infer very reasonable consequences under the
max-© composition, though we cannot always get reasonable consequences
under the max-min composition, as shown in Table 6.

TABLE 3

Relations between Ant 2 and Cons under Ant |
for the Fuzzy Modus Ponens in (1)

xis A’ (Ant 2) ¥ is B’ (Cons)
Relation 1 xis A yis B
( modus ponens)
Relation II-1 x is very A yvisvery B
Relation I1-2 x is veryA yisB

Relation III-1
Relation III-2

x is more or less A
x 1s more or less A

y is more or less B
yis B

Relation IV-1 x 1s not A 3 is unknown
Relation IV-2 x is not A yisnot B
TABLE 4

Relations between Ant 2 and Cons under Ant 1
for the Fuzzy Modus Tollens in (2)

yis B’ (Ant 2)
yisnot B

xis A’ (Cons)

Relation V xisnot A

( modus tollens)
Relation VI-1

y is not very B X 15 not very A

Relation VI-2 y is not very B x is not A
Relation VII-1 y is not more or less B x is not more or less A
Relation VII-2 y is not more or less B x is not A

Relation VIII-1 yis B x is unknown
Relation VIII-2 yis B xis A
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X X X X X X O O O O X X 0 X X |4 q T-IIIA uone[y
O X c ¢ O O X X X X O O X (O X usowun q [-IITA uone[y
g Ss3] Jo g
X O 0O X X 0O x X X X X X X O O yiou S ow You TIIA uoney
p/ $S3] 10 g $s3] fO _
X X X 0 0 X 0 0 0 0 0 0 X X X Joon someun| TATONERY
X X X X X X X X X X X X X X X ¥ Jou g A1da Jou Z-1A uonePy
X X X 0O X X 0O X X O X 0O X X X yAissjou g A1ai jou 1-1A uone[ay
(suajjor snpows)
X O O O ¢ O o o© O o O O X O O ¥ 30U g ou A uonersy
X X X X X X 0O 0 O O X X X x X g ou p jJou T-Al uoney
O X O O O 0O X X X X O 0O X O O usoujun  jou 1-Al 2AlR[RY
¥ Ss3f
X X X X X X X X X X X X O X x : B Z-111 uouray
X X X 0 0O X O 0 0 0 O O x x x g% s I-HI uoney
J40 3I0W 10 31oul -
X O O X O 0 x C e} X O X O 0O O q pA1oa C-I1uoney
X X X 0O X X 0O x X 0O X 0O %X x x g Awoa yAaaa [-1] uoneay
(suauod snpowr)

X O O O O O O o© @] o O ¢ 0o O © q 4 ] uonePy
M *M "M "W ¥ Q9 ssy 3y Y Iy Ty sy oy ey wy suop 7y
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4. SYLLOGISM BY EACH METHOD UNDER MAX-® COMPOSITION

In this section we shall investigate a syllogism by each method under the
max-© composition 0.
Let P, P, and P, be the fuzzy conditional propositions

P,:1f xis A then y is B.
P,:Ifyis Bthenzis C.
P,:If xis A thenzis C.

where A, B, and C are fuzzy sets in U, V, and W, respectively. If the proposition
P, is deduced from the propositions P, and P, —that is, the following holds:

P,:1f xis A then y is B.
P,:lfyisBthenzis C.
P,:If xis A then 7 is C.

—then it is said that a syllogism holds.

Let R(A, B), R(B, (), and R(A, C) be fuzzy relations in U XV, V X W, and
U X W, respectively, which are obtained from the propositions Py, P,, and P;. If
the following equality holds, the syllogism holds under the max-® composi-
tion 0O:

R(A,B)UR(B,C)=R(4,C). (46)
That is to say,

P,:IfxisA thenyis B— R(A4,B)
P,:1fyis Bthenzis C— R(B,C) (47)
Py:IfxisA thenzis C+ R(A4,B)OR(B,C)

The membership function of R(A4, B)O R(B, C) is given by
”‘R(A,B)DR(B,C)(“’W) = \U/ {#R(A,B)(“x”) G“R(B,C)(v9w))- (48)

Now we shall obtain R(A4, B)O R(B, C) under each fuzzy inference method
and show whether the syllogism holds or not. In the discussion of the syllogism
it is assumed that the membership function p 5 of the fuzzy set B is a function
onto [0, 1].
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We shall discuss only the case of R, of (13). The membership functions of
the fuzzy relations R, (A4, B) and R (B, C) are obtained from the propositions
P, and P, by using (13).

P’RA(A.B)(u’U) =I"A(“) ': “'B(U)

1, I‘A(")Q#B(v)v
- ijzg pa(u)>pg(v),
#B(U)
M) ra(u)>0. (49)
1, l‘A(“)=O»
""RA(B‘C)(D’W)zp'B(D);’p'('(w)
1, pe(v) <pc(w),
VA ()= he),
I»"C(W) >
M oy He(0)>0 (0)
1, ILB(U)=0-

Then the membership functions of the max-® composition of R, (4, B) and
R, (B,C) will be given by

/"'RA(A.B)DRA(H.C)(u'w) = \v/ {[PA(") Z’ I‘B(U)] ) [IJ'B(U) Z’ l‘(‘(W)]}-
(s1)
Under the assumption that p, is a function onto [0, 1], (51) is rewritten as
d=V {[a-x]O[x =]}, (52)
X A [y
where

d=I~LRA(A,B)DRA(B.(‘)(“~W)v ”=F-A(“)~ x=!’-ﬂ(v)- C=F"(‘(W) (53)
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and

Then, [a = x]O[x = ¢] is given as
A A
[a->x]O[x—¢]
a A

X ¢ [(x
l/\—/\—/\(—+
B a x \a
1,
0

]

a,x=0,
(a=0,x>0) or (a>0,x=0).

MASAHARU MIZUMOTO

a>0,

a=0,

, x>0,

x=0.

E_l), a9x>()!
X

(54)

When a > ¢, the expression (54) is represented by the solid line in Figure 2(a)
with parameters ¢ and ¢. The maximum value of this line is ¢ /g at x = ¢ and ¢.

Thus, we have d of (52) as

i

(55)

=0

L

(a) At apc

1
a c 1

(b) At asec

Fig. 2. [a — x]O[x — ¢] of (54) (solid linc).
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On the other hand, when a < ¢, (54) is shown by the solid line in Figure 2(b),
whose maximum value is 1. Thus,

d=1, as<ec. (56)

From (55) and (56), d is given by

1, asc,
d= i, ax=c,
a
which leads to
1’ [J,A(H)Q[LC(W),
R4 mor,m.0(4:0)= —”C(W), pa (1) > pe(w)
FA(“)

=p,(u) Z’ P'C(W)
=”RAACKM’W)- 67)

Thus, we have

R,(4,B)OR, (B,C)=R,(4,C). (58)

Therefore, the syllogism holds for R, under the max-O composition 0. Note
that R, does not satisfy the syllogism under the max-min composition {7].

In the same way, we can obtain R(A, B)O R(B, () by the other methods;
the results are as follows:

Rm( 4, B)ORm(B,C)

= [ra()+pc(w)=1]v [1—p,y(u)]/(uw)
Uxw

Ren(4,0) (= [, [t A nc IV [1= (] /().
(59)
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Ra(4, B)ORa(B,C)= [ 1A[1=p(u)+pc(w)]/(u,w)
UxW

=Ra(4,C), (60)

Ro(4, B)ORe(B,C) = [ 0V [my(u)+pe(w)=11/(u,w)

“Re(,C) (= [ pau)Ake(w)/ (),

(61)
Rs(4, B)ORS(B,C) = [ ma(u) = pc(w)/(u,w)
=Rs(4,C), (62)
Re(4. B)ORg(B.C)= [ py(u) = wc(w)/(u,w)
=Rg(A4,C), (63)
Rsg(4, B)ORsg(B.C) = [ [y(u) = pe(w)]
A= ma) = 1= ke ()] fluw) (64)
= Rsg(4,C),
Reg(4, B)ORge(B,C) =fuxw[m(u) - uc(w)]
A= ma) 2 1= me()] ) (65)
=Rgg(4,C),
Rgs(4, B)ORes(8.C) = [ [na(u) > me(w)
A1) = 1= pe(W)] /(ww) (66)

=Rgs(A,C),
Rss(A, B)ORss( B, C) ='qu W[p./,(u) - u(~(w)]

A= mau) = 1=pe(w)] /(uw) (67)

=Rss(4,C),
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Rb(4, B)ORB(B,C) = [ [1=p,(w)]Vac(w)/(u,w)
Uxw

—Rb(4,C), (68)

R, (4, B)OR,(B,C) = [ paue) = pe(w)/(u,w)

=R, (4,C), (69)

R, (4, B)OR(B,C)= [ pa(u) 2 pe(w)/(u,w)

=R, (4,C), (70)

Ry(4,B)OR(B,C) = [ [1=pa(w)]Vac(w)/(u,w)
AR (A= [ 1=mw)
+pg(@pc(w)/(u,w)], (71)

Ru(4,B)OR(B,O)= [ [wa(w)+pe(w)=1]V[1=paw)=pe(w)]
v [”C(w)_”‘A(u)]/(u’w) *R#(A,lC)

(=1, ImatAnc(n]
V[I—P'A(“)/\I‘F-C(W)]

V1= pa(u)Apc(w)]/(u,w)), (72)

Ro(4, B)ORa(B,C) = [ pa(u) = pc(w)/(u,w)

=Rg(4,C). (73)
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TABLE 7
Satisfaction of Syllogism under Max-© Composition and Max-Min Composition

Rm Ra Rc Rs Rg Rsg Rgg Rgs Rss Rb R, R, R, R, R

Max-©

composition O x 0 0 0 0 0 0 0 0 0 x x O
Maxmin =y 0 0 0 0 0 O O x x x x x O
composition

Using these results, the satisfaction (Q) or failure (X) of syllogism by each
method under the max-® composition is listed in Table 7. This table also
contains the results under the max-min composition (cf. [7]).

It follows from Table 7 that the methods Ra, Rb, R, and R, can satisfy the
syllogism under the max-® composition, though they do not satisfy it under the
max-min composition. But the converse holds for Rc.

5. CONCLUSION

We have shown that, when the max-© composition is used in the composi-
tional rule of inference, the majority of fuzzy inference methods can lead to very
reasonable consequences which coincide with our intuition with respect to
several criteria such as modus ponens, modus tollens, and syllogism.

It will be of interest to apply the max-© composition to fuzzy inferences
which are of the more complicated form, such as

If xis A then y is Belse y is C.
xis A’

yis D,
If xis A, then y is B, else
if xis 4, then y is B, else

ifxis A, thenyis B,.
xisA'.
yisB'.

These results will be presented in subsequent papers.

This work was attained during the author’s stay (November 1980 August 1981)
at RWTH Aachen, West Germany, with the assistance of the Alexander von
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Humboldt Foundation. He acknowledges the invaluable help of Professor H.-J.
Zimmermann and the members of fuzzy research group at RWTH Aachen.
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