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ABSTRACT
Wu investigate the properties of fuzzy reasoning methods by Zadeh with
7t fuzzy conditicnal proposition "If x is A then y is B else y is C,"
with A, B and C bveing fuzzy concents, and point out that the conse-
qienccs inferred by his methods do not always fit our intuition, and
srgrzest a new method which fits our intuition under several criteria,
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INTRODUCTION

‘n omuch of human reasoning, the form of reasoning is approximate rather
than exa. %t as in <he statement:

If a tomato is red then the tomato is ripe.
This tomato is very red,

This tomato is very rive.
“r1(1975), Mamdani (1977), snd Mizumoto et al. (1979a, 1979b, 1979,

l:.o, 19381) suggested methods for such reasoning in which the ante-
cedent involves u fuzzy conditional provosition such as "If x is A
then v is B," where 1 and B are fuzzy concepts. In Mizumoto we
investisated the properties of their methods.

48 « generalization of such a fuzzy conditional infecence con-
taining the projosition "If x is A then y is B," Zadeh (1975) also
oroposxdi a fuzzy conditional inference of the form:

-

X0On leave from Osaka Electro-Communication University, Osaka, Japan
©111 Aue. 1981, This work wac attained with the assistance of the
» Alexander von Humboldt Foundat.ion,

21



212 FUZZY SET AND POSSIBILITY THEORY

Ant 1: If x is A then y is B else y is C.
Ant 2: x is A'. (1)

Cons: y is D.

For this form of inference, Zadeh proposed methods for obtaining

the consequence (Cons) from two antecedents (Ant 1 and Ant 2) in (1).
This paper investigates the properties of his methods and points

out that the conseguences inferred by his methods do not always fit

our intuition, and suggests a new method which fits our intuition

under several criteria.

FUZZY REASONING WITH "IF ... THEN ,,, ELSE ..."

We shall focus our attention on the following form of inference in
which a fuzzy conditional proposition "If ... then ... else ..." is
contained.

Ant 1: If x is A then y is B else y is C.

Ant 2: x is A'. (2)

Cons: y is D.

where x and y are the names of objects, and A, A', B, C and D are
fuzzy concepts which are represented by fuzzy sets in universes of
discourse U, U, V, V and V, respectively.

An example of such a form of inference is the following:

Ant 1: If x is tall then y is fairly heavy else y is
pretty llgﬁt.

Ant 2: x is pretty tall.

Cons: y is very heavy.

The Ant 1 of the form "If x is A then y is B else y is C" in (2)
may represent a certain relationship between A and B, C, From this
point of view, Zadeh (1975) gave the translation rules (Maximin Rule
and Arithmetic Rule) for translating the fuzzy conditional proposition
"If x is A then y is B else y is C" into a fuzzy relation in U x V,

Let A, B and C be fuzzy sets in U, V and V, respectively, which
are written as

A = jUpA(u)/u : B = JVRB(V)/V ; C = IVPC(V)/V (3

then we have:

(i) Maximin Rule Rm':

Rm' = (A x B) U (74 x C) (4)

= JUXV(PA(U) /\PB(V)) v ((1-pA(u)) Apc(v)) / (u,v),
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(ii) Arithmetic Rule Ra':
Ra' = (TAXxV@UxB)N(AXxV@UGZXC) (5)

- 1A @) A Gy ) /7 (.

X

where x, U, N, 7 and ® denote cartesian product, union, intersection,
complement and bounded-sum for fuzzy sets, respectively,

Remark: If C in the above translation rules is replaced by V (the
universe of discourse of C) which is interpreted as "unknown," then
the fuzzy conditional proposition "If x is A then y 18 B else y is C"
is reduced to a proposition "If x is A then y is B else y is unknown,"
namely, "If x is A then y is B." Thus, the above rules are tThe
generalization of the well-known translation rules for the fuzzy
conditional proposition "If x is A then y is B" (Zadeh, 1975).  For
example, Rm' in (4) and Ra' in (5) become as follows at C = V.

Rm = (A xB) u (7A xV) (6)

. jU () Apg() ¥ Qe (@) 7 (u,9).

Ra = (74 x V) @ (U x B) (7

-

JvalA(l-pA(u)+uB(v)> / (a,9).

In addition, as another case, when C = @ (empty set), Rm' is reduced
to the "Mini Rule" Rc¢ by Mamdani (1977). Namely,

Rc = A x B (8)

[IERCITRO YRS

For the proposition "If x is A then y is B else y is C," it is
also possible to define a translation rule Rb' which is based on the
implication in binary logiec,

(iii) Fuzzified Binarv Rule Rb':

Rb' = (7TAxVuUxB)N(AxVuUExC) (9)

§ L m IV () A Gy @) Vg (D) / ().

Furthermore, we shall also introduce a new method Rgg' for the
proposition "If x is A then y is B else y is C," The implication
a E% b 1is based on the implication rule in G leph logic system by
Godel (Rescher, 1969). atep
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(iv) Rule Rgg':
Rgg'

(Ax\"—g‘?UxB)n(MxV?UxC) (10)

SUX\!(VA(U) -E? uB(V))I\ (I'VA(U) —g"pc(v)) / (U,V),

where
1 eee py(u) & pglv),

py (W) =2 pp(v) =
PB(V) ese }JA(u) 7 }IB(V).

In Fig.l each rule of (4), (5), (9) and (10) for the proposition
"If x is A then y is B else y is C" is illustrated by a diagram which
will be useful in the later discussion. In each figure, the part of
expression of each rule which contains B(v) (say, uA(uSv pn(Vv) in
Rm') is depicted using a parameter pB(vg. The other“part cgntaining
ne(v (say, (1-p,(u))Ap.(v) in Rm') “is illustrated by a parameter
ui(v). In the f&gurestﬁe symbols p,, Up, Uy are used instead of pA(u),
np(v), uc(v), resvectively, for conteniBnce’

The consequence D in Cons of (2) can be deduced from Ant 1 and
Ant 2 using the max-min composition "o" of the fuzzy set A' in U and
the fuzzy relation in U x V obtained above. Thus, we can have for
each translation rule by the following.

Dm = A" o Ra' = A' o [(4 xB) u (74 x ©)] (11)
B PRA CRIC Y GRS g}/ v
u
Da=A'oRa' =A' o [(TAxVeUxBA(AxVeUxC)] (12)
Db = A' oRb' =A' o [(7AxVuUxB)AQAxVuUxC)] (13)

Dez = A' o Rgz' = A' o [(A x VU xB)N(A X VLU x )] (14)

COMPARISON BETWEEN FUZZY REASONING METHODS

Using (11)-(14), we shall show what the consequences Dm, Da, Db and
Dgg will be when A' is

A' = A : (15)
A' = very A (= A2) (16)
A' = more or less A (= AO‘S) (17)
A' = not A (= 7A) (18)
A' = not very A (= 7A2) o (19)
A' = not more or less A (= 7A ’5) (20)

which are typical examples of A'.
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The consequences inferred by all the fuzzy reasoning methods are
summarized in Tzble 1, in which pg and g stand for uB(v and pc(v),
respectively.

Using Fig.l we shall show how to obtain the consequences D in
Table 1 under each method (Rm', Ra', Rb', Rgg') when A' is A, very A,
eesy NOt morc or les3s A. Because of limitations of space, however,
we shall dliscuss only the case of A' = very A.

(1) The Case of Rm' = (A x B) u (74 x C):

lLet A be a fuzzy set and R]l, R2 be fuzzy relations, then, in
general, the following identity holds for the max-min composition "o".

Ao(Ry URy)) = (AoR) U (Ao Ry).
Using this fact, (11) will be
A' o [(A x B) u (74 x C)l
=[a" 0o (axB)) uar o (74 x 0)).  (21)

Therefore, at A' = very A (= Az), the membership function of %o

(A x B) is given as

Pa2o(axs) (V) = ¢ [ )24 Gy (0) A pg(o). (22)
1le 1 i
B @ > [ roa
v
22.3 ﬁc(v)=0-3
0 O‘,.-/' ]L',’_FA(U) 0 c wgi_b pA(u)
Fig.2(a) #y2,(axp)(¥) P1g.2(5) 1y25(7axc)(V)

1f pp(v) is, say, 0.3, then the expression in [...] of (22) will be

shown by the dotted line in Fig.2(a) whose figure comes from the left
figure of Fig.1(i). The value p,2 (v) at B(v) = 0,3 becomes 0,3
by taking maximum of this line b 9&%%@2 of (22?. In general, we can

have for any uB(v)

VAzo(AxB)(v) = pp(v). (23)

On the other hand, the membership function of Az o (7A x C) in
(21) is as follows.
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2
FaZo(raxcy (M) = ¥ [y (@2 A (o w) A (). (24)
u

For example, at pc(v) = 0.3 (£ 2%!5) the expression in [...] of (24)

is shoyn by the dotted line 'e—--=' in Fig.2(b), and at pc(v) a 0,7

(225%2) it is shown by the line '—._. 1, Thus, from this figure
ko) vev (M8 58 (= 0.3810...),

2 (v) =4 .
Ry o{7axC)\V 3-[5 . PC(V)3 B-Ig_

Stated alternatively,

PaZo(7axc) (V) = %E Are(v). (25)

Finally, we can obtain the membership function of Dm = A2 o ((A X B)
u (74 x C)] as follows by taking max (V) of (23) and (25) by virtue
of (21).

E

Pon(V) = Bp(MV (352 Ap (v)).

(ii) The Case of Ra' = (7A x VO U x BN (A XVOUSxC):
The membership function Wp, of (12) is written as

Fpa = ! {VAZ A 1A (1opyeng) A (hy*ng)) } (26)

by omitting "(u)" and "(v)", In general, the ineguality
2
By & Patig

holds for any By and pg, and thus (26) will be

Ppa = \\i{“Az“[l" (1-ny )] 3.

This corresponds to the composition of A2 and the fuzzy relation (7).,
Hence from Mizumoto (1979b) we have Ppg @s

_ 3+2pB-/5+4uB

Ppa 2 ¢

(iii) The Case of Bb' = (7A x 7 U U x BNn{(AxVuUxc):
The membership function of Rb' is

((L-p)V pg) A (3, v )

from (9). The diagram with both parameters p, and p, is depicted by
taking min (A) of the left and right figures Bf Fig,T(iii). = Fer
example, in the case of Pc = 0.5 and pp = 0.2, the part () in Fig.3
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Fig.3 ppy, Fig.4 Ppgg

is obtained, and the part @ is obtained aj_uc = 0,5 and Bg = 0.7.
Therefore, when Po_= 0.5 and Wp = 0.2 (& 15—-5-), the membership function
in (13) takes 2542 45 the maximal value in the dotted line '--o=!

Ppb
in Fig.3. Similarly, when p, = 0.5 and pp = 0.7 (= %—5), Py takes
0.7 as the maximum value in the line '—._..', Thus, in general
- (3 -5
%Ls. vee sz .3_2_5- ’
Ypp = -5

Vg eee VB!T— .

Ppp = VB"l:ZE .

(iv) The Case of Rpge' = (A x V?U x B) 0 (74 x V?U x 0):
The membership function of Rgg' is given by

Namely,

(uA“g VB) A (l‘uA? Vc)-

The diagram with parameters By and y, is in Pig.4 by taking A of the
left and right figures of Fig.l(iv).,” The part (D in Fig.4 is a
disgram at po = 0.5 and wp = 0.2, and the part is at po = 0.5 and
ap = 0.7. The membership function pp in (14) fakes 0©.2, 0.7, res-
pectively, when up = 0.2, 0.7. The ggme holds for any pg. Hence,
in general

Pogg = VB °

Example: We shall show a simple example using Jfable 1, When the fuzzy
sets A and B, C are as in Fig.5(i)-(ii), the consequences by each
method (Rm', Ra', Rb', Rgg') at A' = A, very A, more or less A, not 4,
not very A and not more or less A are shown in Fig,.o(iii)-(viii),
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According to our intuitions, it seems that the consequence D in
(2) should be B and C, respectively, when A' is A and not A under the
conditional proposition "If x is A then y is B else y IsC."  Namely,
the following inferences may be a quite natural demand,

Ant 1: If x is A then y is B else y is C.
Ant 2: x is A, (27)

Cons: y is B.

Ant 1: If x is A then y is B else y is C.
Ant 2: x is not A, (28)

Cons: y is C.

From Table 1 and Fig.5 it is found that the consequence Dgg is equal
to B (i.e., pg) at A' = A, and C (i.e., pc) at A' = not A, Namely,
the rule Rgg' satisfies the criteria (27§ and (28). ~— The other rules
am', Ra' and Rb' do not satisfy such criteria. It is not yet known,
however, what kinds of consequences are most suitable for the con-
sequence D of (2), when A' is equal to very A, more or less A, not
very A, and not more or less A. Therefore, we can not conclude That
our new rule Rgg' is the best one for the fuzzy conditional inference
with "If x is A then y is B else y is C," but we may say that Rgg!
is a suitable method for the fuzzy conditional inference, since it
satisfies the quite natural criteria (27) and (28).

CONCLUSION

In this paper we pointed out that the methods Ra', Rm' and Rb' for
the fuzzy conditional inference with "If x is A then y is B else y is
C" do not give the conseguences which fit our intuitions, and gave an
improved method Rgg' which fits our intuition under quite natural
criteria,

The formalization of inference methods for the more complicated
form of inference, such as

If x is Al then y is B1 else
If x is A, then y is B, else

If x is An then y is Bn'
x is A',

y is B'.

would be the future subjects.
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