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The data and information encountered in the real world do
not have precisely lefined criteria of menbership in a certain
class. In order to deal mathematically with suck ambiguity, L.A.
SADEH (1965) has proposed the concept of fuzzy sets and fuzzy
relations, and formulated many concepts such as fuszy program
(ZADEH 1973), fuzzy logic and approximate reasoning (ZADEH 1975)
and possibility distribution (ZADEE 1978).

For easy and convenient applica:ions of fuz:y sets and fu:zy
relations, we have implemented a system for fuzsy-set manipula-
tion based on FSTDS (Fuzzy-Set-Theoretic Deta Structure) (UMANO,
MIZUMOTO and TANAKA 1978a) ané a sysiem for fuzzy reasoning
(UMANO, MIZUMOTO and TANAKA 1978b, 1979) using the FSTDS Sys-
tem. In the FSTDS System, we have to write statements using
fuszy-set operators such as UNION, INTERSECTION and COMPOSITION
to describe a procedurs in PSTDSL/FORTRAN.
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E.FP. CODD (1971, 1972), however, proposed an alpha expres-:
sion which provides the rslation require¢ using predicate cal-
culus in a relational model of databases (CODD 1970). Since
this provides non procedurally and intuitively the relation
required, it is very useful for manipulating ordinary relations.

In this paper, we present a definition of a fuzzy rela-
tional database, which is an extended version of Codd's rofﬁ-
tional database, and a fuzzy alpha expression whose predicate
expression contains fuzzy sets as constants and fuzzy relations
as predicate operators. And we describe interpretation methods
for the application of such fuzzy alpha expressions to fuzxzy
relational databases. The interpretation methods ars concerned
with .the processing of the grades of tuples in fuzzy relations
and the compatibility of the predicate in a fuszy alpha expres-
sion.

1. RELATIONAL DATABASES AND ALPHA EXPRESSIONS

E.F. CODD (1970) proposed a relational model of database
and the method, called alpha expressions (CODD 1971, 1972), for
selecting the relations reguired from such a database using pred-
icate calculus.

[befinition 1] A relational database D is a collection of
relations R,. Rz, Y Rr' in which each domain can be distin-
guished from each other by attribute names (A11' Aige vone Ao

. : i

for a relation Ry). B

As Figure 1 illustrates (DATE 1975), it is convenient to rep-
resent 3 relation as a table, with each row representing one
tuple. In Pigure 1, PART is & relation name and Py, PNAME, COLOR
and WEIGHT are attribute names. Since we have several relations
in a database and the sams attribute names may be used in 4aif-
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ferent relations, each domain is specified by the attribute
name modified by a relation name, that is, Ri’Aij' where Ri
is a relation name and Aij an attribute name in Ri.

PART Py PNAME COLOR WEIGHT
P1 Nut Red 12
P2 Bolt Green 17
P3 Screw Blue 17
P4 Screw Red 14
PS5 " cam " Blue 12
P6 Cog Red 19

Fig. 1. Relation PART

[Definition 2] An alpha expression is denoted as

(<T1. Tor eoes Ty> ¢ P}, (1

where Ti' i=12,...,n, are attribute names qualified by the
appropriate relation name and P stands for a predicate and (1)
defines a relation of n-tuples <t1,t2,...,tn>, ty € Ti' i=

= 1,2,...,n, which satisfy the predicat P. The list <T1,T2,...
ceer Tp> is called the target list and P the qualification ex—
pression.

In general, a predicate is formulated according to the usual
rules but including attribute names qualified by a relation name
which may be or not be contained in the target list. The permit-
ted operators are the comparison operator & (=, #, <, S, > and
»), the Boolean operator and, or and not, and of course paren-
theses ( ) to enforce a desired order of evaluation.

{Example 1] For relations S, P and SP in Figure 2 which rep-
resent supplier, part and their relationship, respectively, con-
sider the following alpha expressions (DATE 1977 .

(a) W, = (SP.P# 1 SP.S¥ = 52}
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s Sy SNAME STATUS CITY SP | S Py | QTY
s1 Smith 20 London| . . 81 P1 3
52 Jones 10 Part 81 P2 2
s3 Blake 3. - Paris Ss1 P3 4
sS4 Clark 20 ‘ London - s1 P4 2,
s5 | Adams 30 Athens| . [s1 | s | 1
st {p6 | 1,
‘sz | e | 3
. P |P#| PNAME | COLOR WEIGHT| . = |s2 | P2 ]
P Nut Red 12 s3 | P3| 4
P2 Bolt Green 17, o+ |83 P5 2
P3 - Screw Blue 17 sS4 P2 2
P4 Screw Red . .14 sS4 P4 3
PS5 | cam Blue 12 . Ise |[es | &
P6 Cog Red 19 I 85 P5 5

Fig. 2. Relational representation of supplier-part-model.

;o

This selects a set of Py components of 3-tuples in SP whose
Sy¢¥ component is identical to a constant S2. The result is a
set {P1, P2) and it is assigned to W,. When the number of the
components in the target list is one , the angles < > may be
omitted for simplicity. Note that in a predicate constants are
denoted without gquotation marks, i.e., '...'. There is no con-
fusion because all attribute names are qualified by relation names
in this paper. )

Thus, we have

P I R oy
2o Re

- Pt
Wy s P Bk (2)

(b) Wy, = {s.S# 1 S.CITY = Paris and S.STATUS > 20}

This results in a set of S¥¥ components of 4-tuples in S
whose CITY component is identical to Paris and STATUS component
is greater than 20, that is, it selects supplier numbers for
suppliers in Paris with status > 20. ‘The result is
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W, = {53}, (3)
(c) Wy = {<5.SNAME,S.CITY> 1 SP.S#¥ = 5.5y and SP.Py » P2}

This gets a set of pairs of SNAME and CITY components in
tuples in S whose Sy component is identical to Sy component
of tuples in SP whose Py component is equal to a constant P2.
We can get '

Wy = {<Smith,London>, <Jones,Paris>, <Clark,London>)}. (4)

As for evaluation of alpha expressions, the predicate is
evaluated ranging over all relations in the target list and if
the predicate is true, then the tuple constructed from the com-
ponents corresponding to the target list is added to the result.
Note that we must also range over all tuples in the relations in
the predicate which are not contained in the target list. For
(c) in Example 1, since 8P occurs in the predicate but not in
the target list, we must range over all tuples in SP with
ranging over §. 1

For linking EP's in SP.S¥ and SP.P# , a range variable and
an existential quantifier 3 are introduced and we might have an
equivalent alpha expression to (¢) in Example 1:

Wa = {<S.SNAME,S.CITY> : 3 Z(%.S5 = §.5% and Z.P@#= P2)}, (5)

where Z ranges over the relation SP.

In general, we can use a universal quantifier V. However,
when we extend a relation and predicate to fuzzy ones, it will
be difficult to give good interpretations to them. So we will
not use existential and universal quantifiers in this paper.

i



- 241 -

2, FUZZY DATABASES AND FUZZY ALPHA EXPRESSIONS

The definition of a relational database, lead to that
of a fuziy database as a collection of fuzzy relations (KUNII
1976) . We can define more general and complex fuzzy databases.
The most general fuzzy databases may be defined as a fuszy set
of generalized fuzsy relations (UMANO, MIZUMOTO and TANAKA 1978a).
This definition is, however, 8o complex to manipulate that we
shall have a definition which is simple but may be enough to rep-
resent fuzzy data in the real world.

{Definition 3] A fuzzy database Dy, is a collection of fuzsy
relations of fuzzy sets. A fuszy relation Ry of fuzzy sets in
Uy Uz, sosr Up is dsfined by a membership functions

. .“H 3 [O;1]019"[0,1102".u"(oﬂlu“ .'_’ [01110 : (6)

where g® means all functions from A to B and x is the Cartesian
product.

Note that a fuzzy relation of fuszy sets in U,, U,, see Uy
can be considered as a level-2 fuzzy relation in U1xuzx...xun.

To illustrate a fuzzy relation in a table form, we add a spe-
cial -attribute name u. It should be, however, noted that a user
need not pay attention to an attribute name u by use of fuzzy
alpha expressions although he can specify it to manipulate a i
fuzzy database.

(Example 2] If U,, U, and U, are the sets of names, numeri-
cal ages and numerical height of individuals, respectively, and
fuzszy sets young, middle-aged and old in U, and short, middle
and tall in 03 are defined, we might have

|
|
Ry = {0.8/<{John},young, tall>, 0.6/<{Jnck},uold.-idd1¢>}“ (&)

as a fuzzy relation of fuzzy sets in U,, U, and Use When a fuzzy

1
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set has only one element with a grade value being 1 such as
{John} and {Jack}, we may omit the braces { )} unless there is
confusion.

By a fuzzy alpha expression, we mean an alpha expression
whose predicate is fuzzy, that is, it contains fuzzy sets al
constant values and fuzzy relations as predicate operators.

We shall consider in the following the way of interpreta-
tion in the cases where a fuzzy database and a fuzzy alpha ex-
pression are combined.

3. APPLICATIONS OF FUZZY ALPHA EXPRESSIONS
TO A FUZZY DATABASE

The interpretation methods are concerned with the grade asso-
ciated with tuples in fuzzy relations and the compatibility of
the predicate expression in fuzzy alpha expressions. 2

(1) Processing of grades associated with tuples

In order to separate the processing of the grades asso-
ciated with tuples in fuzzy relations, we shall use ordinary
fizzy relations as a fuzzy database. In this case, relations in
a datavase include only ordinary elements and the interpretation
of a predicate is the same as that for ordinary databases.

We must, however, determine a grade value of a tuple in the
target list which satisfies the predicate since a tuple which
includes components in a result tuple belongs to a relation with
some grade value . We shall have a simple example. N

(Example 3] Assume that R and S are fuzzy relations shown
in Figure 3. Consider the following alpha expressions.

(a) W1 = {R.A2 : R.A1 = a}
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R At A2 u 8 Al A2 v |7
a x 0.1 x e 0.6
a Y 0.2 x £ 0.7
b z 0.3 Y g 0.9
[ 2 .4 z g 0.1
z h 0.5

Fig. 3. Fuzzy relations R and S.

We range over only a fuzzy relation R. For the first row

0.1/<a,x>, although the predicate is satisfied, we may not add

a component x to the result with the compatibility 1. The tuple
<a,x> belongs to the relation R with a grade 0.1, so it is rea--
sonable to add the component x with the compatibility O0.1. For
the éecond row, we have y with a grade value 0.2. For the third
and fourth rows, the p}edicatc is not satisfied and nothing is
added to the result. Thus, we have a fuzzy set:

W, = {0.1/x, 0.2/y}. (8)
(b) W, = {<R.A1, §.A2> : R.A2 = S.A1}

First, we range over the relation R. For the first row in R,
we have the first and second rows in the relation S which satisfy
the predicate. In this case, since the target list involves two
relations R and S, we may have the minimum value of the two grade
values, i.e., for the first row 0.1/<a,x> in R and the first row
0.6/<x,e> in S, so we have the compatibility:

0.1 A 0.6 =0.1 (9)
for the tuple <a,e> for the result. Similarly, O.1/<a,f> is ad-

ded to the result for the first row in R and the second row in
S.
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Thus we have a fuzzy relation:
"2 - {0-1/“,", 0-1/<i1f>l 0-2/<ﬂ'9>v
0.1/<b,g>, 0.3/<b,h>, 0.1/<c,g>, 0.4/<c,h>}. (10)

The evaluated value of the predicate can be considered as the
compatibility 1 if the predicate is satisfied and O if not.

As a summary of the above consideration, we have tha following
method.

{Method 1] Let Ry, Rz. ceuy Rr be fuzzy relations and Asyr
“12' «e+»s Ay, be attribute names of Ri and P be a predicate. If
we have an alﬁha expression:

. ’ . ces N P
((R‘.‘ Aj1 Rlz Aj ’ ’ Rin Aj > 3 }I . (11)

2 n
the compatibility of an n-tuple <“1-“3-~--r“n’ € R1 .Aj xni .Aj Xeuo
«e s ¥R, A is given by ! 1 2 2

1n jn

PAGyAGgyA.. Ag, (12)

where p is the evaluated value of the predicate P and 9y k =

= %,2,...,n, denotes the grade value of the tuple, in which the
u is a component of the attribute Ajk in the fuxzy relation
Rik' in the fuzzy relation R"k' Thus fuzzy relation induced by
the alpha expression (11) from fuzzy relations R1, Rz, cees Rr
is the following:

{pa 9y AgyA oA 9n / SUgr Ugp eoey u.>

aese A, XR, .A see . . 13
¢ o<uy, uy, P> € R11 j1 12 jzx xRin Ajn} (13)

If we apply the alpha expression (a) in Example 3 to an
ordinary relation, we have the image of the set {a} under R in
a sense of ordinary set theory. The result omitted to a fuzzy
relation is the image {al under R in a sense of fuzzy set theory.



As for the alpha expression (b) in Example 3, we have the
composition of R and § for both ordinary relations and fuxsy
relations in respective senses.

So Method 1 is very reasonable for the processing of grades
associated with tuples in fuzzy relations.

(2) Compatibility of the predicates in fuzzy alpha sxpressions

We shall consider a fuzzy relation whose slements are fuzzy
sets as was defined in (6). Since we can apply Method 1 for the
processing of grades associated with tuples, it is sufficient to
consider an ordinary relation of fuszy sets.

A problem is how to evaluate the predicate which includes
fuzzy sets and get the compatibility of the predicate with rela-
tions. . - °

Since a predacato often includes a term ¥y = r, and it seems
natural to deal with it by computing a degree of a fuszy set
consistency between r, and ¥y, we will differentiate an operator
= from the other operators. We first present, therefore, an in-
terpretation method of a predicate which contains only term ry =
= I, The terms involving the other operators are discussed later.

[Example 4] Suppose that Uyr U, and U, are a set of names,
the interval [0,100) which represents ages and the interval
(0,200] which does height of individuals. We have an ordinary
relation PERSON of fuzzy sets in U,, U2 and U3 shown 4in Pigure 4.
In Figure 4, young, middle~aged (we may denote ma in an abbrevia- .
tion form) and old are fuszy sets in Ua and tall, middle and
short in 03. iobim :

' Consider an alpha expression: “*?ﬁ ;

»

W = {PERSON.NAME : PERSON.AGE = 285} (14)

For John and Betty, the compatibilities of the predicate are O.

For Mike, Tarc and Jack, they will be uuoun’(ZS). n.idd.l._.'.‘(ZS)



and u_,,(25), respectively, using membership functionis. Thus we
have

LI {uwung(ZS)/lu.ko, uu““_"“(ZS)/Tu'O. u,;4(25)/Jack}.
(15)

If the fuxiy sets young, wmiddle-aged and old are defined using
8, n and £ functions (ZADEH 1975, 1978 and UMANO, MIZUMOTO and
TANAKA 1978a) as

uyoun’(u) = Z(u; 30,25,20), (16)
Mpidale-agea'® = ®(us 20,40), an
uold(“) = 8(u; 40,45,50), ‘ (18)

and illustrated in Figure 5, then we have the values of member-
ship functions as follows:

uyoun,(ZS) = 0.5, ‘ (19)
“.1441.-.g.é"5’ = 0.125, (20)
uold(ZS) = 0, (21)
PERSON NAME AGE HEIGHT
John 15 tall
Batty 22 middle
Mike young short
middle~
Taro aged 160
Jack old 170

Fig. 4. Ordinary relation PERSON of fuzzy sets.



young middle-aged old

1.0

10 20 30 0 - 50 60

Fig. 5. Fuzzy sets younyg, middle-aged and old.

Thus we have a fuzzy set:

W = {0.5/Mike, 0.125/Taro}. . (22)
This result (22) seems to agree with our intuition. This
interpretation will be reasonable when we recall the meaning of
the membership function.
The evaluated value of a term ry =¥, toock a number in the
interval [0,1]). The Boolean operators and, or and not may be
defined as ) '

tyand t, = t; A t, » ~ 7 ' (23)
t1 E tz - t1 v tzp . (2‘)
not t = 1 - ¢, : (25)

where t,, t, and t are numbers in [0.11 and mnan the evaluated
values of the term X, = x,.

An alpha expression in lxampla 4 1nc1udel an element 25 in
U, as a constant. We can extend an element to a fuzzy set in U,
as a constant, and it is called a fuszy alpha expression. We can
use an extension principle by ZADEH (1975). We shall state it as
Method 2 in terms of the compatibility.

R 5 ¥ RN
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Fig. 6. Fuzzy sets u.‘(yaunq). u..(na) and u..(old).



- 250 -

{Note] In Example 5, the compatibilities v,, Y, and v, were
obtained for Mike, Taro and Jack, respectively. However, we might
have instead of (29) = (31) the following:

“young("’ - (u!.(u)/uyoung(u) : u € U}, (34)
u..(na) - (u..(u)/u-.(u) s w € U}, (35)
Bypqlme) = (u (w)/u, , (u) s+ u€ ul, (36)

for Mike, Taro and Jack, respectively. This result is the same as
the previous one only for Taro but not for the others. These com-
patibilities could be obtained by the inverse functions of Fig-
ure 6.

As a summary, we have the following Method 3.

[Method 3] Let r, and r, be attributes of fuzzy relations
of fuzzy sets or constants which may be elemants or fuzzy sets.
Then the compatibility ¥ of a term r, = I, in a predicate of an
alpha expression is one of the following.

(1) In the case that r, is an elemsnt u, and r, is also an
element u,,

Yy=1 if u, = u,,
V2 (37)
y=0 it u, ’ “2"

(2) In the case that one is a fuzzy set F and the other is an
elemant u,

Y = up(u). (38) .

(3) In the case that r, and r, are fuzzy sets P, and rz,

Y- ur1(r2) ox Yy = u.rz(!',). . ) (39)
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We cannot apply Method 3 to the other comparison operators.
'We shall consider the other methods for interpretation which is
not dependent on the special comparison operators.

We can consider a comparison operator as a fuzzy relation
and the compatibility is given by a grade value of its member-
ship function. This method is applicable to the comparison op~
erators such as w(approximately equal) and » (much greater
than) .

e ECARER

[Method 4] Let r,vand r, be attributes of ordinary fuxzy
relations or constants of elements, and @ be a comparison oper-
ator which denotes an ordinary relation or a fuszsy relation.
Then, the compatibility for a term r, ®r,is given by

¥y - “o"v'z) (40)

»

using the membership function of comparison operator.
We cannot get the compatibility if r, or r, is a fuzzy set.
In this case, we can use the following Method 5.

[Method 5] If a membership function Ug of a comparison op-
erator © is defined for all u in U and v in V, the compatibility
for a fuzzy set A in U and a fuxzy set B in V such as

A= {uA(u)/u'l u € U}, (41)

B = {un(v)/v Tt v € V};f (42)
is given by AR

Y - ue(A.g) = {up(u) A uB(v)/uo(u,v) t uglu,v) >0,

u€UandveEV] (43)

VT
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And if there exist no u and v such that ue(u,v) > 0, then

Y =0, (44)

If either r, or T, is an element, we can use Method 5 with
considering {1/21).'

(Example 6] For a relation in Pigure 4, we have a fuzzy
alpha expression:

W = {PERSON.NAME : PERSON.AGE m~ middle-aged). (45)
The compatibilities are

John:  u_(15,ma)={u__ (v)/u (15,v) & B, (15,v)>0, v € v}, (46)
Betty: Uy (22, ma)={u, (V) /u_(22,v) B (22,v)>0, v € v}, (47)

Mike: %(gonng,.ﬂ)'{ﬂyoung(u)Au.‘(V)/M‘.(u,\l) t u lu,v)>0,
UWEUand v € v}, (48)

Taro: u,_(n,n)-{u.‘(u)aun(v)/u..'(u.v) oy (u,v)%0,

uEUandvEV, (49)

Jack: u~(old,-a)-{uald(u)au..(v)/u.(u,v) ¢ u (u,v)>o0,
W€Uandvev, (50)

If young, middle~aged and old are again shown in Figure S, and
~ in Pigure 7, then the result is illustrated in Figure 8 for
@ =5 and in Pigure 9 for a = 10.

Por the comparison operator »>, which might be defined by

u,,(uov) = 8(u-v; a,B,v), (51)
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the same processing is applicable and we could have a result.
But the result is omitted.

Fig. 7. Membership function of comparison operator w.

By several methods, we can compute the compatibility for a
term r, 6 r,. We must compute Boolean operators and, or and not
in order to obtain a compatibility of a predicate P. If the com-
patibility is in the interval [0,1], we can use (23) - (25). But
the compatibility of a term is in general a fuzzy set in the
interval [0,1]. The operator not is unary, so we can apply Method
2 to it . Por binary operators and and or, we can get the fol-
lowing.

(Method 6] If a binary operation * is defined for all u in |
U and v in V, the binary operation * can be extended to a fuzzy i
set A in U:

A= {uh(u)/u : u € U} (52)
and a fuzzy set B in V:

B - {un(v)/v t v €V} (53)

E
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(a) (b)

]

0 > U . 0

-

M2 Hz

N
B \
1
i
(c) (d) :
\ |
: i
1
!
. !
0 , > u 0 ;—’Ux
Mike Taro
2
A
1}
() :
I
{
1
0 “ > m
Jack

Fig. 8. Compatibilities in the case where @ = § in the comparison
operator wm.
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Fig. 9. Compatibilities in the case where & = 10 in the comparison
operator ~. '
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and we have

A®*B = {(ulu) A ug(v)/u * v:u€Uandv €V} (54)
We can obtain using Methods 2 and 6

not T = (uw(t)/1 -t: t € [0,1]}, (55)

T, and T, = {u.r1(t1)Au,r2(tz)/t1At2 tty, ty € [0,11}, (S6)

T,or T, = (uT1(t1)AuT2(t2)/t1vt2 : £y, ty € [0,11}, (57)

where T, 'r1 and T, are the compatibilities of fuzzy sets in the
interval [0,1] for a term in a predicate P.

We have discussed the computation of the compatibility by
several examples using Methods 2 - 6. Methods 2, 5 and 6 are
given for extending a compatibility for an element in a universe
of discourse to a fuzzy set in it, while Methods 3 and 4 involve
the interpretation of a predicate. We can only apply Method 3
for a comparison operator = and its result may agree with our
intuitiors. But for two fuxzy sets, there are two interpretations
and we must deterrine which is better. This can be overcome by
a facility for choosing one of interpretations by a user specifi-
cation. Method 4 can be applied to arbitrary comparison operators.

It will be very useful to introduce linguistic hedges (ZADEH
1972) such as very, more or less, much and slightly, since we can
more conveniently and directly denote fuzzy sets in a fuzzy data-
base and fuzzy alpha expressions. The interpretation method of
linguistic hedges was presented by ZADEH (1972) as operators
which operate on the operand fuzzy sets. So we need no more new
method for interpretation of fuzzy alpha expression which con-
tains linguistic hedges.

The result fuzzy set of alpha expression is a type-2 fuzzy
set in general and it is very difficult to understand the meaning
of the grade values. So the fuzzy sets of grade values in the
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result would be better presented in linguistic form. Approxi-
mating a fuzzy set in linguistic form by some appropriate hedges
and fuzzy sets already defined will lead to a good man-machine
interface for communicating naturally.

CONCLUSIONS ) R
. NN

The fuszy database defined in this paper has very wide flex-
ibility and applicability because we need not get the well-
defined data in the description of the real world.

We have described several interpretation methods for the -
applications of alpha expressions to fussy relations, especial-
ly; fusszy relations of fuzzy sets in this paper. '

We must investigate the processing of existential and uni=-
versal quantifiers, the introductiog of fuzzy quantifiers many,
few and sc on. The theory of normal form-of fuzzy relational
database and a relational completensss of fuzzy alpha expression
are very interesting. . . ) ’

oo T AT
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