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1. INTRODUCTION

In much of human reasoning, the form of reasoning is approximate
rather than exact as in "A red plum 1is ripe and this plum 1is more or less
red. Then this plum is more or less ripe." Zadeh [i]'and Mamdani [2] suggested
a method for such a fuzzy reasoning in which antecedents involve fuzzy
conditional propositions as an application of fuzzy set theory. Here, we
point outrthat thé consequences infered by 'their methods do not'always fit our
intuitions? and we suggest an improved method which fits our intuitions

under several criteria.

2. FUzZzZYy [ CONDITIONAL INFERENCE

We sﬁall consider the following form of inference in which a fuzzy
coﬁditionél proposition is contained.

Ant'lz If x is A then y is B.

Ant 2: x is A'. : ' 1)

Cons : y is B'.
where x and y are the names of objects, and A, A', B, and B' are the labels
of fuzzy subsets of universes of discourse U, U, V.and V, respectively.

An ekample of this form of inference is the following.

If a plum :is red then the plum is ripe.

This plum 1is very red.

. This plum is very ripe.

From now on, we call this form of inference as "fuzzy conditional

inference".
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For this form of inference, Zadeh suggested the following method [1].
First, Ant 1 in (1) translates into the following binary fuzzy relation Rﬁ

or Ra’ that is,

R = (AxB)U(7A%xV) (2)
R e (7AX V)@ (U XB) (3)

Mamdani [2] #lso proposed the following method.
= A B ' .
R x B | 4)

where X, U, 7 and ® denote cartesian prodﬁcc, union, complement and
'bounded—sum, respectively. Second, Ant 2 in (1) translates into the unary
fuzzy relation (that is, fuzzy set)
R=a' B ©))
1

Then the consequence B' in Cons of (1) can be obtained by the composition "o

of R and R (or_Ra, Rc), that 1is,

Eéy’ A' o ((AxB)U(7A%xV)) ‘ (6) )
By =A" 0o ((7axV)@(UXB)) 7

On the above form of inferences, according to our intuitions it seems

that the following relations between A' in Ant 2 and B' in Cons ought to be

satisfied.
A' B’
Relation I A B | n ‘ .
Relation II-1 very A ‘very B |
Relation 1I-2 very A - , B
‘ Relation IIY more or less A more or less B
Relation IV-1 not A | unknown
Relation. IV-2 not A , not B
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Relation IT-2 1is inconsisted with Relation II-1, but in the Ant 1 if
there is not a strong causal relation between "x is A" and "y is B,

the satisfaction of Relation II-2 will be permitted. Moreover,

Relation IV-1 asserts that when x is not A, any information about y can
not be deduced from Ant 1. Thus, this Relation may be thought to be

quite natural, since the fuzzy conditional proposition " If x is A then

y is B" does not make any assertion when x is not A. The satisfaction of

Relation IV-2 is demanded when the fuzzy conditional proposition "If x is

A then y is B" means tacitly "If x is A then y is B else y is not B."

3. ZADEH'S AND MAMDANI'S METHODS FOR FUZZY CONDITIONAL INFERENCE

We shail show in this section that Zadeh's methods do not satisfy the
relations except Relation IV-1 and that Mamdani's method-does not satisfy
the relations except Relation I and II-2.

Now, we shall show what will B,;, B} and B} be when A' in (6)-(8)

is equal to A, very A (=A2)*, more or less A (=A0'5) or not A (=74),

whmm'ﬂmzy sets A in U and B in V are given as in Fig.l and Fig.2,

respectively.

[1] The case of maximin rule_(Rm)i

Let A' be A, then B} becomes as follows using (6).

Bl =Ao [(AXB)U(74x V]

= U/JA(u)/u ° JUX v(}IA(u)/\/lB(V)) vV (} -ﬂA(u))/(u,V)

)
=J'v Yl Jatd A (CJla A Yo V- 1 [
2 0.5 )

* A° and A "~ may be used to approximate the effect of the linguistic

modifiers very and more or less, and are defined as

f
very A = A2 = I uA(u)z/u; more or less A = Ao'5 = JVuA(u) u
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Fig. 1. Membership function uA(u) of fuzzy set Ain U

u A
1
0.5 -
o L
4
_ v
Fig. 2. Membership function uB(v) of fuzzy set B in V
Now, let
Sal Pa) = Jh(@) A (oA fp) V@ - M) (10)

- The value Sp( ﬁ(u)) with é parameter f'ﬁ(v) is shown in Fig.3.. In Fig.3,
if }’B(v)=0.3, So( /’A(u)) becomes what 1s showm by ———-—-=, and if
v/’B(v)=0.,8, Su( Fa(u)) becomes what is shown by ——-—-, and so on.
In Fig.1, /A(u) t:aices all values in the unit interval [0, 1] according to

u varying all over U. Thus from Fig.3 we have
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Fig.3. S, (U,(w)) of (10)

Yolv)  ———mm )lB(v) > 0.5
V sa(fa(w) = (11)
uevu
Therefore, from (9) and (11) we have
B! = V s ' .
m Jv wey Sal fatnrv (12)
and the membership function of B& is shown in Fig.4.
1l 4 UB(V)-_']-'
uB(V)':O-B
0.5 1 /;-\ ug(v)=0.5
y Nermrrmeeeeee] Hp(v)=0.3
A by ()=0-1
, 0 0.5 1 R)
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Fig.4. Membership function of By' when A' = A

From Fig.4, B; # B is obtained, and thus it is shown that the ‘Relation
1s not satisfied.

Second, suppose A'= very A (QAZ), then

BL=A2 e [(AxB) U (74 x V]
2
= (u)/u o (Hada () v A - H(u))/(u,v)
[ Aicoses | cpeon pren v o penices

=]v u\gu/zﬁcu) A [CHO ARO) v A= Bl

and the membership function of B; is shown in Fig.5. Hence from Fig.5, -

we can see
Bh # very B
By # B.
This shows that both Relation II-1 and Relation II-2 are not satisfied,
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H
0.5 |
3-5
2
. . v " . \\
0 W4 N ,

Fig.5. Membership function of B,' when A' = very A

In a similar way, when A'= more or less A (=A0°5), the membership

function of By will be as in Fig.6, From Fig.6, B} # more or less B is

obtained and thus Relation III is not satisfied.

Finally we shall show that Relation IV-1 is satisfied when

A'= not A. Let A'= not A (=-74), then

By = (7A) o [(AX BYU (7AX V)]

'3

= Ul - FA(u)/u ° ] v( /llA(u) /\/‘B(V)) V (l —/’XA(U))/(U:V)
ux

=1 Yy a- A At a o va-Awdly a0
A" ‘

Now, from Fig.l, there exists ué& U which makes /ﬁ(u)=0; so that

(13) =J 1AL ARGV LI

: \')
. = J 1/v
Vv

= unknown
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more or less B

. B g /
0-01 +ls / /' \‘ .

2 /7\ \

] B AN
0.5 1 | / w \ \

» \
,, ‘ »
!l

[/ 3

o L i/

A 4

.Fig.6. Membership function of By' when A' = more or less A

This shows that Relation IV-1 is satisfied.
Since Relation IV-2 is inconsistent with Relation 1IV-1, it is

clear that Relation IV~2 is not satisfied.

[2] The case of arithmetic rule (Ra): _
Suppose that A’ =‘K‘ (t>0), then the consequence B} is obtained as

follows:

Bl =Ko [(7AX VY ® U X B)]

‘=JU/":(U)/U j

1/\(1-' V(u)'*' (v))/(u,v)
BT O

=} e [//"A'(u) AlAQ -}«g(u) * BN
v

and the membership function of B; at a = 1 is shown in Fig.7. From this

figure, B; # B and thus it is found that Relation I is not satisfied.
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0.5

b 4

Fig.7. Membership function of B,' when A' = A

When o = 2, that is, A' = very A (= Az), the membership functions of

B'; very B and B are shown in Fig. 8, which shows that Relation: II-1 and
a

<. II-2 are not saisfied.

A
" 4
1
0.5 7]
- 2
0 >
v
Fig.é. Membership functions of fuzzy sets Ba'(when A' = A),
B and very B
. ' . _,0.5
When o = 0.5, i.e., A' = more or less A (= A”"7), the membership
function of B' is shown as in Fig.9., This shows that Relation III is not
a

satisfied.
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H A
1
Ba'
-1 +{5
2
0.5 1 /
/i %
' / B \\\r“‘=more or less B
AT
| ; N
) \
0. Vo v

h 4

v

Fig.9. Membership functions of B,'(when A' = more or less A), B

and more or less B

Finally we shall show that Relation IV-1 is satisfied.

‘Suppose A'= not A (= 7A), then

B = (7A) o [(7A X V) ® (UX B)]

=jv Yo - ) A A@- gy + 0] 1y

r )
= 1AallA(QQ+ 2D INA;
Jprapaar /e

= 1/v
v

= unknown

This shows that Relation IV-1 is satisfied. Note that this criterion

t

can not be satisfied if }IA(u)) 0 for all ueU.
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[3) The case of mini operation rule (R.):

First, suppose A'=Af then

&
BL=Ao (AX B)
J W/ / /’
= u)/u o (u) A v)/(u,v)
S A

o .
- jv Vokw A CAwaboniy (14)

From Fig.1l, there exist ue U which makes /%(u)=1, then

(14) wf 1A (14/‘B(v))/v
v
= v) /v
J /o
=B
This shows that Relation I and II-2 are satisfied, but Relation II-1
and III are not satisfied.

Second, let A'= not A, then

B, = (74) o (A X B)

- L UYU (A - A A Hwa Syl
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This shows that Relation IV-1 and IV-2 are not satisfied,

It is interesting to note that when A'=ﬁnknown(=U), we have
BL =] 1/u e (WA (v)/(u,v)
c IU l;x V/“A /Ug
- Jv WA A 4 i

- jv SR

This consequence can not be accepted according to our intuitions.

Above discussiohs show that using the methods (Zadeh's methods
and Mamdani's method), almost all criteria stated in Section 2 'can not
be satisfied and it may be clear that consequences inferred by these

methods do not always fit our intuitions.

4. IMPROVED METHODS FOR FUZZY CONDITIONAL INFERENCE

We shall next show the improved methods which satisfy almost these
relations.

Let fuzzy subsets A and B in Ant 1 be represented as

A= Iu Uy (u) /u B = fv ug (V) /v

?

and suppose that uA(u) and ﬂB(v) satisfy the following conditionsT

(i) { () | uwevl2( g (v) | vev?} - (s)
(1) gueU p(w=0; zu' € U u,(u')-1 - (16)
(1i1) v eV uB(v)=0 s 3v' eV uB(v')=1 (17)

.t It is noted that we have discussed the methods by Zadeh and Mamdani

under the same conditions.
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[4] Method Satisfying the Relation I, II-1, III and IV-1:
If Ant 1 translates into the following fuzzy relation Rs :

RSQAXV—:S—*UXB A(18)
e IUXV[ uA(u) ares uB(V) 1/(u,v)

. 1 — HA(U) g UB(V)
where uA(u) = uB(V) = (19)
0 - HA(U) > ug(v).

then the consequence B' is obtained by

B'=A'ORS=A'0(A><V—S—+U><B) (20)

The definition of (19) is based on the implication in Sy logic system [3].

Using this method, we shall show that Relation I, II-1, III and IV-1

are satisfied under the assumptions of (15)-(17).

As a general case, suppose A' = A% (0>0), then (20) will be

A
B'=Ae (AXV —;9 U X B)

« ' :
= JU /JA(u)/u ° jux v/lA(u) = /«{;(v)/(u,v)

&L ' ‘
SR TSI

Here, for each'v in V, we can obtain two sets U; and Uy which satisfy

the following condition.

UypUz=U, U;NnU=¢ (22)
Voet ) g o) | (23)

Vue , M > A | (24)
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Then
vV of
(21) = )v we Uy /‘l\(u)/v * * * from (23)
y _
= ] /JB(V)/V * * * from (15) and (23)
v n
= Bo(

This shows that when X =1 (A'=A), &=2 (A'=A2) and ®=0.5 (A'=A0-3)
Relation I, II-1 and IIX are satisfied, respectively.

Next, suppose  A' = mot A, then, in this case, (20) becomes

_B' = (7A) ¢ (Axv—? UX B)

=] 1- MU (o (w) —> K@)/ (u,v)
}U /s ]mrv/X 8 /B

- va uyul(l - /UA(u)) N (/'g(u) > /Lg(V))]/v (25)

From the assumption (16) there exists u in U which makes /Lg(u)=0.

Therefore

uel

V ota- i) Ahe — Honi=1

Thus,
(25) = J 1/v
T /V
= unknown-

This shows that Relation ;V—l is satisfied.
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Example 1. Let

U=V=0+1+2+3+4+5+6+7+8+9+10
A = small = 1/0 + 0.8/1 + 0.6/2 + 0.4/3 + 0.2/4

B = middle = 0.2/2 + 0.4/3 + 0.8/4 + 1/5 + 0.8/6 + 0.4/7 + 0.2/8

very small = small2 = 1/0 + 0.64/1 + 0.36/2 + 0.16/3 + 0.04/4

very middle = 0.04/2 + 0.16/3 + 0.64/4 + 1/5 + 0.64/6 + 0.16/7 + 0.04/8

‘not small = 0.2/1 + 0.4/2 + 0.6/3 + 0.8/4 +1/(5 +6 + ... + 10)

Then the fuzzy conditional proposition
If x is small then y is middle

translates into

R, = small X V ~*» U X middle

101 1111111111
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1) Let "A' » = small, then

small o Rg

=
il

0.2/2 + 0.4/3 + 0.8/4 + 1/5 + 0.8/6 + 0.4/7 + 0.2/8

middle
2) When A"/ = very small,
B'  = (very small) o Rg

= (small)2 ° Rg .

0.04/2 + 0.16/3 + 0.64/4 + 1/5 + 0.64/6

+ 0.16/7 + 0.04/8

= (middle)?

= yery middle

3) 1If A" = not small, then

B' = (not small) o Rg

0+1+2+3+4+5+6+7+8+9+10

_ = unknown

Stated in English, . these inferences may be expressed as

fol:lows .
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- 1) If x is small then y is middle.

x 1is small.

y is middle,

2) If x 1s small then y is middle.

x is very small.

y is very middle,

3) 1f x is small then y is middle.

x is not small.

y is unknown.

.[5]1 Method Satisfying the Relation -I, II-2, III and IV-1l:
If Ant 1 translates into the following fuzzy relation_Rg:

R, =AXV-—>UxB - L (26)
= iy ipte) = uy (D 1/ Cuywy

1 - uA(u) < uB(v)

where uA(u) —E» uB(v)'= (27)

Hg (V) ——= 1, (u) > yp(v)
then, under the assumptions of (15)-(17), we can show that this method
satisfies the Relation I, II-2, III and IV-1 in a similar way as in

Method I. The definition (27)" is from Godel's definition of the

implication in G‘x,logic system [3].

‘[6] Method Satisfying the Relation I, II-1, III and IV-2:
Let Ant 1 translates into the following fuzzy relation ng:

ng =(AXV-=UxB)N ( 7AxV <= Ux78) . | (28)

then these relations are satisfied.
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173 .Method Satisfying the Relation . I, II-2, III and IV-2:

Ant 1 which is translated into the following fuzzy relation Rgg'

R =(AXV-—UXB)N (7AXV— UX7B) (29)
p:4:4 : - -4 A C

satisfies these relations.

5. SOME PROPERTIES OF Rs AND Rg

In this section, we describe some interesting properties of fuzzy
| relations Rg defined by (19) and Ry defined by (26). Note that the fuzzy
relatioris_Rm and R, defined by Zadeh do not héve these properties and

the fuzzy relation R, defined by Mamdani has only the following Property 1.

Property 1. Let'fuzzy conditional propositions Pj, P, and P3 be given as

Py = 1f x is A then y 1s B
Pp =If y 1s B then z is C

If x is A then z is C

P3

where A, B and C are fuzzy concepts represented as the following

fuzzy sets,
A= A(u) /u B = n(v)/v C = }1
JU/’ y B v, Jewon
Let
'RS(A,'B)=Axv—S-> UxB
R (B, C) =BxW—> VxC
RS(A,C)=AxW-?>AUxC.‘

be fuzzy relations which are translated, respectively, from Pl’ P2

and P3 using (18) and let
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R(A, B) =AxV-—> UxB
g g

.Rg(B. c) wa—g—>- VxC

R (A, C) AxW-— UxC
e 8

be fuzzy relations translated from Pl, P2 and P3, respectively, from (26).

Then, under the following conditions, that is,

{/ﬁ(u)l ueU}.?._{ﬁ;(v)lvév}Qg/uc(w)lwéw} (30)

FJuev M =o, Fu'e U Jhtu') =1
avev Mg =o, aviev HKAw =1 (31)
Jwéew Jow) =0, av'ew HJw') =1
the following equalities are satisfied.
R,(A, C) = R_(A, B) o R (B, C) ’ | (32)
R A, C = R A’ ) » |
g( ) g( B | o Rg(B c) f3§)

Example 2. Let fuzzy conditional propositions Pj, Py and P3 be
Py = If x is A then y is B.

P2 = If y 1s B then z is C.

P3 = If x is A then z is C.

and fuzzy sets A in U, B in V and C in W be given as

>
"

1/1 + 0.8/2 + 0.6/3 + 0.4/4 + 0.2/5

B = 0.2/4 + 0.4/5 + 0.8/6 + 1/7

(g}
i

0.4/2 + 0.8/3 + 1/4 + 0.8/5 + 0.2/6
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where

U=Ve=W=1+2+3+4+5+6+7

Then, Rg(A’ B), Rg(B’ C) and Rg(A’ C) which are translated from Pl’

P2 and P3 are obtained as follows:

R(A, B =AxV —~> UxB
g g

1 2 3 4 5 6 7

1 /o o O 0.2 04 08 1

2 jlo 0o 0 0204 1 1
3jo 0 0 0204 1 1
=4 |O 0 0 02 1 1 1

5/o o 0o 1 1 1 1

Rg.(B,_C) = BXW-—VXC

1
2 fr 1 1 1 1 1 1
3 ft 1 1 1 1 1 1
=40 11 1 1 1 0
s o 11 1 102 0
6 |0 0.4 1 1 1 02 0
7 0 0408 1 0802 0



Rg(A’C) =AXW?UXC
1 2 3

1 [o 0.4 o038

2 o 04 1

3 10 04 1

= 4 |0 1 1

5 1o 1 1

6 |1 1 1

7 1 1

Then, the composition of‘Rg(A, B) and Rg(B’ C) leads to

I.{g(A’ B) o Rg(B’ c)

) \ ’

0 0 0 0.2 04 0.8 1 11
0 0 0 0204 1 1 11
0 0 0 02064 1 1 11

= {0 0 0 02 1 1 ‘1] ° {0 1

o 0o 0 1 1 1 1 0 1

1 1 1 1 1 1 1 0 0.4
1 1 1 1 1 1 1 0 0.4
A' 4

0 04 0.8 1 0.8 0.2 O0f

0 04 1 1 1 02 O

6 04 1 1 1 02 0

=0 1 1 1 102 o0
0 1 1 1 102 0

1 1 1 1 1 1 Y
1 1 1 1 1 1 Y

\

& 5 6 7
1 0.8 0.2 0
1 102 0
1 102 0
1 1 02 0
1 1 1 o0
1 1 1 1
11 1 1

/
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 02
1 1 1 0.2

0.8 1 0.8 0.2

Rg(A, c).

" This shows the satisfaction of the equality (33).

No.

22
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Property 2. For the fuzzy conditional proposition Pj

P; = If x is A then y is B

and its contradictive proposition P, that is,

P, = If y is not B then x is not A

let RS(A, B) and Rs(j7B,'7A) be fuzzy relations which are translated from

Py

and le using (18). Then the followiﬁg equality holds?
.o . ~ : . N
RS(7B, 74A) = RS(A, B) - (34)

~nt
where Rs(A’ B) denotes the inverse relation Ovas(A’ B).

" Note that Property 2 does not hold for Rg.
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